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SUMMARY

We apply a grid-based exact Bayesian filter and Rauch-Tung-Striebel (RTS) smoother
to the two-state-variable quasi-static spring-slider of Becker (2000), a low-dimensional
chaotic model of frictional fault slip. The system is weakly chaotic, with Lyapunov time
T, ~ 216 time units and Kaplan-Yorke dimension Dky = 2.057. The near-2D attractor
supports exact propagation of the posterior on a 503 grid.

State estimation and forecasting are evaluated under three truth scenarios using a deter-
ministic forward model: a matched ODE, an SDE with additive noise on slip velocity (x1),
and an SDE with additive noise on the slow state variables (x3, x3). Scalar observations
of x; are assimilated at At,,s = 4 with oops = 0.05.

Tracking skills remain within 0.62-0.65 across all cases, but calibration diverges:
SDE(x;) is overdispersed (z-score std 1.435), while SDE(x2x3) is near-calibrated (1.090).
The RTS smoother improves posterior accuracy throughout, especially for unobserved
variables.

Propagating the final posterior forward without updates yields skill horizons of 0.3-0.7 7,
and coverage horizons of 0.4-0.6 71, with SDE(x2x3) shortest on both. This is consistent
with the random-attractor picture of Gualandi et al. (2023) and this study finds noise
on slow fault-state variables damages forecast skill more than equivalent noise on slip
velocity. The grid approach scales exponentially with dimension, but within its regime
sustains skill horizons approaching the Lyapunov limit.

PLAIN LANGUAGE SUMMARY

Earthquakes are hard to predict because fault systems are chaotic: tiny uncertainties
grow rapidly until forecasts become meaningless. This sets a hard ceiling on predictabil-
ity, called the Lyapunov time. We ask how close we can get to it using a simple model
of a fault, the spring-slider, and whether the small random stress fluctuations acting on
real faults push the useful forecast window even shorter.

Rather than tracking a single best guess of the fault’s state, we track the full range of
plausible states and update that range exactly as the system evolves. Even when our
model ignores the random forcing on the true fault, it tracks behaviour reliably and pro-
duces useful forecasts across roughly two-thirds of the theoretical predictability window.
For real seismic monitoring, the implication is that slow, hidden changes in fault friction
are the main bottleneck on forecasting, more so than noise in our measurements of how
fast the fault is slipping. When a forecasting system fails to account for these unseen
disturbances, its forecasts degrade much faster, suggesting that unobserved creep is the
real limit on earthquake prediction.

Key words: Friction; Non-linear differential equations; Bayesian inference; Instability
analysis; Probabilistic forecasting; Earthquake interaction, forecasting, and prediction.
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1 INTRODUCTION

This paper applies a grid-based exact Bayesian data assimila-
tion framework to the rate-and-state spring-slider model with
stochastic forcing. The spring-slider is a low-dimensional but
dynamically rich representation of fault slip that captures the
essential features of frictional instability and stick-slip recur-
rence, and has been used extensively as a testbed for the dy-
namics of earthquakes and slow slip (Becker 2000; Gualandi
etal. 2023; Gauriau et al. 2023). We evaluate the robustness of
filtering and smoothing, characterise the performance of grid-
based methods for forecasting, and quantify how stochastic
forcing degrades both.

The two-state-variable quasi-static spring-slider used
throughout this paper, formulated by Becker (2000), consists
of a block of unit mass connected via a spring of finite stiff-
ness to a load point moving at constant velocity, with the fric-
tional interface described by a rate- and state-dependent fric-
tion law (Dieterich 1979; Ruina 1983). For sufficiently com-
pliant springs and an appropriate range of loading velocities
the system exhibits deterministic chaos, and recent work has
mapped the structure of these chaotic regimes in parame-
ter space (Gauriau et al. 2023; Wang 2024). Gualandi et al.
(2020) showed that a decade of Cascadia slow-slip events is
consistent with a low-dimensional chaotic attractor, inferring
positive Lyapunov exponents via extreme value statistics on
the geodetic record. Gualandi et al. (2023) extended this pic-
ture using laboratory stick-slip experiments, finding that the
observed cycles are best explained by a random attractor: rate-
and-state friction forced by small stochastic stress perturba-
tions (~0.05%) producing coefficient-of-variation changes of
a few percent. This motivates the central question: how does
a Bayesian data assimilation scheme behave when the truth is
a stochastic differential equation (SDE) but the forward model
remains deterministic?

Data assimilation for rate-and-state fault systems has
been dominated by ensemble methods, beginning with the En-
semble Kalman Filter (EnKF) applied to a visco-elasto-plastic
continuum (van Dinther et al. 2019) and extended to fric-
tional parameter recovery (Hirahara & Nishikiori 2019) and 1-
D sequences spanning both slow-slip and earthquake regimes
(Diab-Montero et al. 2023). The non-Gaussian transitions at
coseismic onset violate the Gaussian closure underlying these
methods, producing underdispersed posteriors and degraded
skill in chaotic regimes; recent responses adopt non-Gaussian
filters (Diab-Montero et al. 2025) or learned reduced-order
models (Kaveh et al. 2025).

Our approach is methodologically distinct. Following Al-
Attar (2026), a grid-based exact Bayesian filter and Rauch-
Tung-Striebel (RTS) smoother (Rauch et al. 1965) are imple-
mented directly on the three-dimensional state space. Rep-
resenting the posterior on a regular grid propagates non-
Gaussian density exactly within discretisation error, sidestep-
ping the closure assumptions that limit ensemble methods at
coseismic transitions, at the cost of feasibility restricted to low-
dimensional problems. The spring-slider’s three state variables
sit comfortably within this regime.

A subsidiary question concerns smoothing, which has
been argued to be problematic for chaotic systems because
the unstable subspace resists backward integration (Al-Attar
2026; Carrassi et al. 2022). For the weakly chaotic spring-
slider with modest noise, the RTS smoother nonetheless recov-

ers useful information about past states up to a horizon set by
grid resolution rather than Lyapunov instability. Forecasting
beyond the assimilation window is the practical motivation.
For a deterministically chaotic system the maximum Lyapunov
exponent sets the e-folding rate of initial-condition errors, so
that T, = 1/Amax provides a natural reference timescale, with
the standard heuristic ceiling at a small multiple of t; (?Gua-
landi et al. 2020). Prior studies have extended useful fore-
cast horizons by sequentially constraining the state with ob-
servations (van Dinther et al. 2019; Diab-Montero et al. 2023;
Kaveh et al. 2025), typically reporting skill as alarm dura-
tion relative to recurrence interval rather than in Lyapunov-
time units. A coarse grid-based posterior, propagated forward
without further observations across multiple stick-slip cycles,
sustains forecast skill on timescales of order 0.4-0.8 t;. Skill
degrades to varying levels when the truth includes stochastic
forcing.

2 METHODS
2.1 Deterministic spring-slider system

The two-state-variable quasi-static spring-slider of Becker
(2000) provides the model system, governed by three coupled
ordinary differential equations (ODEs) in the logarithmic slip-
velocity and state variables [x1, x2, x3]:

X1 = —r (e —vg) + e [x1(B1 — 1) + x2 — x3]

+pex1 (ﬂgxl +X3), (1)
X2 = k(e —vp), 2
X3 = —pe** (Pax1 +X3). 3)

Parameter values are taken from Becker (2000) and A.
Gualandi (personal comms.): 81 = 1, B2 = 0.84, p = 0.048,
vo = 1, and ¥’ = 0.8544. To characterise the fault regime,
we define the dimensionless stiffness ratio «’ relative to the

second critical stiffness ;cg):
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where xéi) = B1-1. Physically, x” governs the fault regime.
For ¥/ > 1, the spring is stiff: the loading rate cannot sus-
tain runaway slip, and the system settles to steady sliding. For
k' < 1, the spring is compliant: it cannot stop accelerating slip,
giving rise to stick-slip instability. The value k¥’ = 0.8544 places
the system well inside the chaotic regime.

The ODE is integrated using the Vern9 algorithm (Verner
2010) within DifferentialEquations. j1 (Rackauckas & Nie
2017), with absolute and relative tolerances 101, from¢t =0
to t = 50000 with initial condition x(0) = [0.05, 0, 0]T. The
first 400 time units are discarded as transient startup, yielding
a post-transient record of ~49 600 time units (~230 1, where
1, = 1/A1 is the Lyapunov time). For stochastic differential
equation (SDE) runs, a small radiation-damping correction v =
1073 is included in the denominator of x;, replacing it with
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(1 +ve*t); this regularises near-singular dynamics at high slip
velocities.

Lyapunov exponents are computed using Benettin’s
algorithm (Benettin et al. 1980) via periodic QR re-
orthonormalisation. We augment the system state with a
3 x 3 tangent frame Q, whose columns are perturbation vec-
tors evolving under the linearised dynamics. At intervals of
Atreortho, We decompose the tangent frame as Q — QR and
re-orthonormalise its columns. This prevents all perturbation
directions from collapsing onto the leading Lyapunov vector.
We then estimate the Lyapunov exponents by accumulating
the logarithms of the diagonal elements of R over the integra-
tion:

L~ = Y loglRY), 6)
k

Sl

where T is the total integration time and the sum runs
over all re-orthonormalisation steps k.

To characterise the attractor geometry, the Kaplan—Yorke
dimension Dgy (Kaplan & Yorke 1979) is estimated directly
from the Lyapunov spectrum. Given the sorted exponents 11 >
Ao > A3, we define it as

Z{:I Ai

[Aje1l

Dxy =j+ (7

where j is the largest index for which Z{ﬂ Ai > 0. Geo-
metrically, Dxy interpolates between the integer dimension j
and the next. Within dimension j, the partial sum of exponents
is non-negative; at dimension j + 1, accumulated contraction
overcomes expansion. The result is a fractal estimate of the
attractor dimension.

The correlation dimension dy is also estimated using
the Grassberger—Procaccia algorithm (Grassberger & Procac-
cia 1983). We compute the correlation sum C(e) over a sub-
sampled trajectory by counting the fraction of point pairs
whose Euclidean separation falls within radius e:

2
C(€)=m2®(f—||xi—xj||), ®

i<j

where 0 is the Heaviside function and N is the number of
trajectory points. To suppress spurious correlations between
temporally adjacent points, a Theiler window (Theiler 1986) is
applied, excluding pairs separated by fewer than w time steps.
Two choices of w are considered: the lag at which the nor-
malised autocorrelation of x; first crosses zero (the minimal
defensible value), and the lag at which it first drops below 1/e
(a more conservative standard commonly used in embedding
analyses). d2 under the zero-crossing window is reported in
the main text; the sensitivity of ds to the choice of w is exam-
ined as a diagnostic in the supplemental material (Fig. A2). We
then extract the correlation dimension as the scaling exponent

dlogC(e
doy = g—() 9

dloge
estimated by linear regression over an automatically de-
tected scaling region. The local slope d(log C)/d(log €) is com-
puted at each ¢ via central differences; points where C(¢) <

0.005 (noise floor) or C(g) > 0.20 (saturation and transition
to the plateau) are excluded. The scaling region is detected
automatically: candidate windows of initial width k ~ n/4 are
discarded if the OLS slope falls below 0.5, R? below 0.99, or
local-slope standard deviation o, exceeds 0.10; surviving can-
didates are grown rightward while all three constraints hold
and ranked by

14

= , a =10, (10)
l+ao;

Q

where ¢ is window length, favouring long, flat plateaux
over curved transition regions. Finite-sample convergence is
assessed at six subsampling fractions (1-100%) and ds is
recorded as w is swept up to one Lyapunov time; all evalu-
ations share a single O(N?) pass over pair distances (Figs. Al
and A2).

2.2 Stochastic implementation

Two cases of stochastic forcing are considered. In both, addi-
tive Gaussian white noise enters through a scalar Wiener in-
crement dW, with amplitude o and diffusion vector g.

In the first case, noise is applied directly to the log slip-
velocity xi:

dx = f(x)dt + o gdW, g=(1,0,0)". (1D

In the second case, following the motivations outlined in
Gualandi et al. (2023), noise is applied to the state variables x2
and x3. This represents unresolved stress perturbations acting
on the normal-stress and friction state rather than directly on
slip velocity:

dx = f(x)dt + ogdw, g=(0,1,1)". (12)

Both cases use o = 0.01 for data-assimilation experiments.
This motivates a labelling convention: x; forcing is termed
observed noise and x2/x3 forcing unobserved noise, reflecting
whether the noise acts directly on the observed variable.

Both SDE cases are integrated with the Euler-Heun
scheme (Kloeden & Platen 1992), using a fixed step At = 1073
and saving every 0.1 time units.

200-member ensembles are generated for each SDE case
at three noise levels o € {5x1073, 1072, 2x10~2}. All members
share the same on-attractor initial condition, the first post-
transient point of the deterministic trajectory, simulating a set-
tled system.

2.3 Bayesian filtering and smoothing: framework

Bayesian state estimation for a dynamical system alternates
two operations. Given the posterior density p(x,-1 | y1:-1) at
the previous observation time, the prediction step propagates
it forward in time using the model dynamics,

p(x¢ | y1:0-1) = /P(Xr | xe—1) p(Xe-1 | ¥1:0-1) dxe-1,  (13)

and the analysis step conditions on the new observation y, via
Bayes’ rule,

p(xe | y1:0) o p(ye | x) p(xe | y1:e-1)- 14
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Equations (13)-(14) define the optimal filter and are exact:
every choice that follows is a representational decision about
how to evaluate them. Ensemble methods replace p with a
finite sample; Kalman methods assume Gaussianity and prop-
agate only mean and covariance. Following Al-Attar (2026),
p is instead represented as gridded values on a fixed lattice
covering the attractor, and (13)-(14) are evaluated directly.
This is feasible only because the spring-slider state space is
three-dimensional; the cost is O(N3) per step, but no closure
is imposed on the shape of p.

2.4 Bayesian data assimilation: deterministic truth

The posterior is discretised on a regular 503 grid covering the
attractor’s bounding box with a 20% margin per axis. The prior
is a broad isotropic Gaussian, N (0, agriorl) with oprior = 1.5,
centred away from the true initial state. This ensures conver-
gence reflects the filter’s assimilation skill rather than a tuned
initial guess.

Prediction step under deterministic flow. Because the for-
ward model is a deterministic ODE x = f(x) with flow ®,,, the
transition kernel collapses to a delta distribution, p(x; | x,-1) =
8(x¢ — ®a¢(%x¢-1)). The convolution in (13) then reduces to a
change of variables:

pP(xt | y1:-1) = p(x0 | y1:6-1) |det(3®£t1/axt) 5 (15)
x0 = Ot (x0). (16)

For each grid point x,, we therefore (i) integrate the negated
ODE backward by At,,s = 4 time units (Vern9, tolerances
1078, ten sub-steps of 0.4) to obtain the pre-image xq, and (ii)
accumulate the inverse-Jacobian determinant simultaneously.
Letting J(t) = | det(a®; !/dx,)|, Liouville’s theorem applied to
the inverse flow gives

dlogJ af
de - tr(8){)’ an

which we integrate along the backward trajectory as a fourth
augmented state. The pushed-forward density is then

pe(xt) = pr-1(x0) exp(logJ), (18)

with trilinear interpolation for off-node pre-images (Jazwin-
ski 2007); grid points whose pre-images leave the domain are
assigned zero density. In the quasi-static limit (v = 0, used
for the forward model), xo = —k(e** — vg) depends only on
X1, SO Jog = dx2/dxo = 0 and the trace in (17) reduces to
Ji1 + Js3. The truth integration uses v = 10~3; this small mis-
match makes even the “deterministic” case a mild model-truth
mismatch experiment rather than a perfect-model one.

Analysis step. Synthetic scalar observations of x; are gen-
erated by adding N(O0, ogbs) noise with oy, = 0.05 to the
true trajectory at Nops = 40 equally spaced times. The like-
lihood factorises across grid points, so we implement (14) as
pointwise multiplication of the predicted density by exp[—( Ye—
x1)%/(202, )], followed by renormalisation against the grid
quadrature.

Skill diagnostics. At each analysis, a probability-mass score
q € [0, 1] is recorded, defined as the fraction of total posterior
mass at grid points with density below that at the nearest grid

point to the truth. For a Gaussian, ¢ > 0.5 corresponds approx-
imately to the truth lying within the 1o contour; values near
1 indicate the truth sits at a density mode. The standardised
innovation is also computed,
true
gy = () Z B (19)
On

where pu,, 0, are the posterior mean and standard deviation.
A well-calibrated filter produces z, ~ N (0, 1); deviations diag-
nose under- or over-confidence. The empirical z distribution
is summarised with a Gaussian-kernel KDE using Silverman’s
rule (Silverman 1986),

h =0.96n"',  6=min(std(z), IQR(2)/1.34), (20)
which is robust to outliers in the IQR-based scale estimator.
RTS smoother. The fixed-interval smoother p(x; | y1.7) (T >

t) follows the standard Rauch et al. (1965) recursion, which
under the Markov assumption on the dynamics takes the form

P(Xer1 | y17) P(Xea1 | Xe)
P(Xee1 | Y1)

dxe1.

21
Under deterministic flow, the transition kernel collapses
again and the integral reduces to a pointwise ratio: the
smoothed posterior at x, is the filter posterior multiplied by
Psmooth (Pac (X)) /Ppred (Par(x¢)). This is implemented as a
backward pass over stored filter and prediction marginals.
Where pp,cq is small the ratio can blow up; two variants are
run, one capped at ryax = 100 and one uncapped, and both are
reported as a robustness check on the smoother’s behaviour
under model-truth mismatch.

Filter and smoother are applied to all three truth cases
(deterministic ODE; x;-noise SDE; x2/x3-noise SDE) using the
same deterministic forward model throughout, so that the SDE
cases probe robustness to unresolved stochastic forcing.

P | yir) = pCxe | y1x) /

2.5 Bayesian forecasting

The assimilation window spans 15 stick-slip cycles (¢t €
[430, 1550], ~ 5.2 1), identified as local maxima of x; > 2.0 in
the post-transient trajectory. Within this window, observations
are taken at fixed interval At,pg = 10, yielding Ny, = 115 ob-
servations with the same noise model as before. The following
Ntorecast = 6 cycles provide ground truth for forecast verifica-
tion.

After assimilating all N}, observations on the 503 grid,
the final posterior is propagated forward by repeated applica-
tion of (18) without further updates, with sub-steps of Atg,1, =
1.0. At each sub-step, the posterior mean x; (¢t) and standard
deviation op,0st (t) are recorded.

Skill horizon. Chaotic stick-slip dynamics cause large but
transient phase errors at event peaks. A small timing mismatch
produces a brief spike in normalised error even when the fore-
cast is otherwise skilful. To filter these spikes, we define the
absolute, posterior-normalised error

() =X (o)]

=) = Upost(t) ’ (22)

smooth it with a moving average over a quarter of the median
inter-event cycle (~ 20 time units), and define the skill horizon
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(a) Post-transient time series of the three state variables over t €
[400,650], spanning approximately three stick-slip cycles. x; (log
slip velocity) exhibits sharp seismic spikes separated by slow inter-
seismic loading; x2 and x3 evolve more gradually. System parameters:
K’ =0.8544, B1 = 1.0, B2 =0.84, p = 0.048.

Spring-Slider Attractor

(b) Strange attractor of the spring-slider ODE in (xj,x2,x3) phase
space, computed from the full post-transient trajectory (t €
[400,50000]). The trajectory never closes, consistent with the frac-
tal Kaplan—Yorke dimension Dky = 2.057 and correlation dimension
do = 1.507 (Grassberger—Procaccia with Theiler window).

Figure 1. Characterisation of the deterministic spring-slider system (x’ = 0.8544, leading Lyapunov exponent 1; = +4.62 x 10~3, Lyapunov time
71 ~ 216 time units). Left: representative time series showing the stick-slip rhythm. Right: phase-space attractor confirming weakly fractal chaotic

geometry (Dky =2.057, d2 = 1.507).

as the lead time at which the smoothed z first exceeds 1.5. For
a calibrated forecast, |z| > 1.5 corresponds to the truth leav-
ing the central ~ 87% of posterior mass, a natural threshold
for “the forecast has drifted outside its own claimed uncer-
tainty”. Normalising by op0st rather than a fixed climatolog-
ical scale automatically accommodates the growth of forecast
spread with lead time.

This is complemented by the cumulative mean z(T) =
T-1 /OT zdt, a running calibration diagnostic; the lead time at
which z first reaches 1 marks the point where forecast error
and posterior spread agree on average.

Coverage fraction. A complementary calibration diagnos-
tic tracks the running +1c coverage fraction: at each lead
time T, the fraction of all forecast steps up to T for which
|x1(t) — xirue(t)| < Opost (). For a well-calibrated Gaussian
posterior, this should remain at the nominal 68% level. The
coverage horizon T is defined as the last time at which the
running fraction remains > 68%; it measures how long the
posterior spread provides honest coverage of the true trajec-
tory, and is less sensitive to isolated phase-error spikes than
the instantaneous z-score threshold. The posterior mean and
spread, z-score, and coverage fraction make the three diagnos-
tics used and are shown in Figs. 4 and 5.

3 RESULTS
3.1 Deterministic system characterisation

The deterministic spring-slider system, shown in Figure 1, ex-
hibits a positive leading Lyapunov exponent A1 = +4.62x1073,

a near-zero second exponent Ay ~ 0 (-1.0 x 107°), and a
negative third exponent A3 = —0.081, yielding a Lyapunov
time of t;, ~ 216 time units. This confirms that the system
is chaotic, albeit with relatively mild instability compared to
more strongly chaotic systems.

The attractor geometry is characterised by a Kaplan—
Yorke dimension of Dky = 2.057, indicating that the attractor
is confined to a near-2D subspace within the 3D state space.
The correlation dimension, estimated via the Grassberger—
Procaccia method with a Theiler window of 92 steps (the first
zero-crossing of the x; autocorrelation), is do = 1.507, which
is consistent with the theoretical requirement that do < Dy
for strange attractors.

The negligible difference in do with and without the
Theiler window (1.506 vs 1.507) confirms that temporal cor-
relations do not significantly bias the dimension estimate, and
convergence analysis shows that do stabilises from around
10% of the trajectory length onward. These results confirm
that the attractor has a weakly fractal, near-2D geometry,
which supports the feasibility of applying grid-based data as-
similation on a 503 grid to resolve the relevant state space ef-
fectively.

3.2 SDE ensemble behaviour

Ensemble realisations of the spring-slider SDE, shown in Fig-
ure 2, reveal that the location of the stochastic forcing has a
significant impact on the spread of the slip velocity x;. When
additive noise is applied directly to x;, the mean ensemble
spread (x1) over t € [400,800] ranges from 0.39 to 0.83 as
the noise amplitude ¢ increases from 5 x 1073 to 2 x 1072, In
contrast, when the same amplitude of noise is applied to the
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SDE ensemble, o = 0.005 (N=200) SDE ensemble, 6 = 0.005 (N=200)
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-2.54

(a) 200-member SDE ensemble (x; component, additive noise on x;) (b) Same as (a) but with additive noise on the slow variables (x2,x3)

at three noise amplitudes o € {5x1073,1072,2x10~2} (light to dark), at identical amplitudes. Mean spread 5(x;) = 0.85, 0.90, 0.94 — sub-

overlaid on the deterministic reference (black dashed). Mean ensemble stantially larger than the x; -noise case, showing that slow-variable per-
[t] spread & (x;1) = 0.39, 0.75, 0.83 respectively over ¢t € [400, 800]. turbations project efficiently onto slip velocity.

SDE Divergence from Identical Initial Conditions

-0.25

—0.50

-1.00

-1.25

= = deterministic hasticl  —— hastic2  —— ‘hastic 3 O start

(¢) Three individual SDE realisations (¢ = 10~2 on x1, coloured) launched from
identical initial conditions in (x1, x2, x3) phase space, alongside the deterministic
reference (black). Trajectories diverge within one inter-event cycle (~ 80 time
units), illustrating how noise amplifies the underlying chaotic instability (z; ~
216 time units).

Figure 2. Stochastic ensemble behaviour of the spring-slider SDE (N = 200 members). Top left/right: x1 spread under noise on x; vs. noise on
(x2,x3) at o € {5x1073,1072,2 x 10~2}; slow-variable noise produces greater spread at all amplitudes. Bottom: phase-space divergence of three
individual realisations (¢ = 10~2, x1 noise) from a shared initial condition, demonstrating chaotic amplification of stochastic perturbations.

slow variables (x2, x3), the mean spread in x; is substantially 3.3 Bayesian data assimilation
larger, ranging from 0.85 to 0.94 across the same noise ampli-

tudes. Figure 3 shows the grid-based Bayesian filter and RTS

smoother posterior mean +1¢ for all three state variables un-
der three truth scenarios with observations on x; alone.
The ODE case with matched deterministic truth (Fig. 3a)
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achieves a mean tracking skill of 0.629, with a z-score stan-
dard deviation of 1.018, indicating that the filter is well-
calibrated and does not suffer from ensemble collapse or un-
derdispersion.

Under model-truth mismatch, the SDE(x;) (Fig. 3b) and
SDE(x2x3) (Fig. 3c) cases with a deterministic forward model
yield mean tracking skills of 0.646 and 0.622 respectively; all
three skills cluster within 0.62-0.65.

However, the z-score standard deviations, shown in Fig-
ure 5a, reveal differences in calibration: the SDE(x1) case is
overdispersed (z-score std 1.435), while SDE(xax3) is near
well-calibrated (z-score std 1.090). In all cases, the RTS
smoother’s backward pass improves the posterior estimates.

In constraining the x and x3 posteriors, the smoother has
a large impact on the accuracy of the unobserved variables.
For the ODE and SDE(x;) cases, the filter and to a greater ex-
tent the smoother constrains the unobserved variables well,
with a good estimation of uncertainty in the posterior. How-
ever, in the SDE(x2x3) case, when there is a large jump in the
slow variables to outside the typical attractor bounds, the filter
PDF for these loses contact with the true trajectory, leading to
larger errors. The smoother helps to partially recover the true
state during these episodes.

3.4 Forecasting

Figure 4 shows the Bayesian forecast of x; following assimila-
tion of Nyp,s = 115 observations at Aty = 10 time units span-
ning 15 stick-slip events (¢t € [430, 1550], ~ 5.2 11; Oops = 0.05;
503 grid). All three cases track the unseen forward trajectory
well initially. In the ODE case, the posterior mean dampens
relative to the true trajectory after 3-4 events; the SDE cases
lose phase alignment sooner, with SDE(x2x3) drifting earliest.

The smoothed z-score z(t), shown in the right column of
Figure 4, crosses the skill threshold of 1.5 at skill horizons
of 83 time units (0.38 t;) for the ODE truth, 145 time units
(0.67 t1) for the SDE(x1) truth, and 69 time units (0.32t;) for
the SDE(x2x3) truth. The coverage horizons (Fig. 5), defined
as the last time the running +1o coverage fraction remains
> 68%, are 122 time units (0.56 ;) for the ODE case, 120
time units (0.551;) for the SDE(x;) case, and 80 time units
(0.37 1) for the SDE(x2x3) case.

4 DISCUSSION

The weakly chaotic, low-dimensional attractor (Dgy = 2.057,
d2 = 1.507) supports the feasibility of grid-based data assim-
ilation: the near-2D geometry keeps the relevant state space
tractable on a 503 grid. The matched ODE case (z-score std
~ 1) demonstrates that the grid-based filter then tracks the
true trajectory reliably, even at coseismic transitions where the
posterior is strongly non-Gaussian. The RTS smoother’s back-
ward pass adds value by incorporating future observations,
though the theoretical validity of smoothing in chaotic systems
remains an open question (e.g. Al-Attar 2026); the mild Lya-
punov instability (t; ~ 216) likely mitigates the typical diffi-
culties.

Both stochastic cases remain within the 0.62-0.65 skill
range. The SDE(x;) overdispersion (z-std=1.435) suggests
the filter over-hedges against unmodelled stochastic incre-
ments, while SDE(x2x3) is better calibrated (z-std=1.090) at

slightly lower skill (0.622). The narrow spread across all three
cases may reflect sensitivity to the specific stochastic realisa-
tion used.

Skill horizons of 0.32-0.67 t; indicate meaningful pre-
dictability under mismatch. The SDE(x;) outlier (0.67t;)
likely reflects a favourable threshold-crossing rather than a
structural increase in predictability.

The cumulative mean z-score places the ODE forecast
horizon at 203 t.u. (= 0.941;), ahead of both SDE cases (=
0.75t.), while the coverage fraction metric places ODE and
SDE(x1) at near-identical horizons (=~ 0.55-0.56 ), both sub-
stantially longer than SDE(x2x3) at 0.377;. The discrepancy
reflects the ODE forecast’s sharper instantaneous skill collapse
versus SDE(x1)’s more gradual decline: the cumulative z-score
captures timing, while coverage fraction captures holistic skill,
and both metrics are needed to fully characterise the forecasts.

For 7, 216 time units scaling to seismic cycle lengths
(years to decades), a skill horizon of 0.3-0.7 1, represents
meaningful intermediate-term predictability.

5 CONCLUSIONS

This paper demonstrates grid-based exact Bayesian filtering
and RTS smoothing for state estimation and forecasting in
a low-dimensional chaotic system, achieving meaningful skill
(0.32-0.67 t;) under model-truth mismatch for both seen and
unseen stochastic forcing. The robustness of the filter to un-
resolved stochastic forcing supports its use for historic state
estimation on weakly chaotic fault systems.

The results are consistent with Gualandi et al. (2023) in
that stochastic stress perturbations on slow fault-state vari-
ables reduce predictability more than equivalent noise on slip
velocity. For real fault systems, unobserved slow creep fluc-
tuations (x2, x3 analogues) are therefore the primary limit
on forecast skill, not stochastic fluctuations in seismic veloc-
ity alone.

Forecast horizons of up to 0.67 t; (SDE(x1) case) with a
deliberately simple grid method suggest that exact Bayesian
propagation of non-Gaussian posteriors show that these meth-
ods can be used on these systems, at least in the low-
dimensional limit.

The primary limitation is the exponential scaling of grid-
based assimilation with state-space dimension; dimension-
reduction techniques would be required to extend this ap-
proach beyond low-dimensional systems.

Robustness assessments across initial conditions, stochas-
tic realisations, grid resolutions, and mismatched model pa-
rameters would strengthen these conclusions and better
bound the skill horizon under realistic conditions.

Future implementations could incorporate process noise
in the forward model, compare with Gaussian-mixture or
particle-flow filters (Diab-Montero et al. 2025), or couple the
approach to machine-learned reduced-order models to extend
applicability to higher-dimensional fault systems.

Grid-based exact Bayesian assimilation is robust to model
error and long observation intervals in low-dimensional
chaotic systems; practical seismic application will require care-
ful design of grid resolution, observation strategy, and stochas-
tic representation, with event-triggered observations offering
a promising path forward for operational networks.
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Event-based Bayesian forecast: ODE vs SDE truth

ODE truth (matched) — Posterior mean * std x1 ODE truth (matched) — Forecast Error (Z-score)
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Figure 4. Free Bayesian forecast of x; following assimilation of N,,s = 115 observations at Aton,s = 10 time units spanning 15 stick-slip events
(t € [430,1550], ~ 5.27;; Gobs = 0.05; 503 grid). Each row corresponds to one truth case. Left: posterior mean +1o of x; vs lead time; grey
shading marks the assimilation window (lead time < 0); observations (dots) and true x; (solid) are overlaid. Right: posterior-normalised z-score
z(t) = |x1 — x‘{r“el/opost (faint: instantaneous; solid: rolling-mean smoothed over ~ 20 time units); dashed horizontal line at z = 1.5 marks the
skill horizon threshold. Skill horizons (smoothed z first exceeding 1.5): ODE truth 83 time units (0.38 71); SDE(x1) truth 145 time units (0.67 7.);
SDE(x2x3) truth 69 time units (0.32t;). The running calibration diagnostics are shown in Fig. 5; full marginal probability distributions are in
Fig. A4.
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Filter — det. truth Filter — SDE(x1) truth Filter — SDE(x2x3) truth

T T T T T T T T T T T
Smoother — det. truth Smoother — SDE(x1) truth Smoother — SDE(x2x3) truth
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2-score z-score z-score

(a) Kernel density estimates of the posterior z-score z = (xi”‘C — p)/o evaluated at each observation time, for the
filter (solid) and smoother (dashed) under three truth scenarios: ODE (blue), SDE(x;) (red), SDE(x2x3) (green). The
reference N(0, 1) curve (grey) indicates ideal calibration. Broadened tails under SDE truth reflect episodes where the
stochastic truth departs from the deterministic prior.

Forecast z-score and cumulative mean

Z-score (x1)
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(b) Instantaneous z-score z(t) = |X; — ximcl /Opost (faint) and cumulative mean z-score z(T) = T-1 /OT zdt (solid)
during the free forecast phase for three truth configurations. Vertical coloured lines mark where z first reaches 1.0;
horizontal dashed line is z = 1; black dashed vertical line is ;.

Forecast +10 coverage fraction vs lead time
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@
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o
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(c) Running * 1o coverage fraction: at each lead time T, the fraction of all forecast steps up to T for which |x; —x}ruel <
Opost- Dashed horizontal line at 68% (nominal *1o level); coloured vertical lines mark the coverage horizon Tcov
(last time the running fraction remains > 68%): ODE 122 t.u. (0.56 t;); SDE(x1) 120 t.u. (0.557;); SDE(x2x3) 80
tu. (0.371).

Figure 5. Calibration diagnostics for the assimilation and forecasting results. Top: z-score distributions at observation times quantify filter and
smoother fidelity during the assimilation phase (Nops = 40, Atops = 4 time units); model-truth mismatch broadens the tails relative to the ideal
N(0,1). Middle: cumulative mean z-score vs. lead time during the free forecast (N, = 115, Atops = 10 time units); calibration crossing (z = 1)
arrives sooner under SDE truth. Bottom: running *1o¢ coverage fraction vs. lead time; ODE and SDE(x;) maintain > 68% coverage to ~ 120 t.u.,
while SDE (x2x3) drops below at 80 t.u. Together, the panels show that slow-variable model error (x2, x3 noise) degrades both analysis quality and
forecast reliability most severely.
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DATA AVAILABILITY STATEMENT

All code and data is viewable on Github with the output log
files with the results in compute_log.txt. Details on how to
download and run the code contained within the README . md.
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APPENDIX A: SUPPLEMENTARY FIGURES

Autocorrelation — Theiler window comparison
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Figure Al. Autocorrelation function (ACF) of x1, used to determine the Theiler window. Vertical dashed lines mark the zero-crossing lag w = Tyero
(used in the main text) and the 1/e-crossing lag w = Ty (more conservative). The zero-crossing window is the minimal defensible Theiler
correction; the 1/e window provides the upper reference for the sensitivity sweep in Fig. A2.
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Correlation dimension vs Theiler window
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Figure A2. Sensitivity of the correlation dimension estimate ds to the Theiler window w, with +1¢ OLS slope uncertainty. Vertical lines mark the
zero-crossing window (used in the main text), the 1/e-crossing window, and the Lyapunov time 7;. The plateau in d2 across [T,ero, 7] confirms
robustness to the precise window choice.
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Filter p(x1|y1...yt) — Deterministic truth Smoother p(x1) — Deterministic truth
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(a) Matched deterministic ODE truth (tracking skill 0.629). Rows: x1, x2, x3 marginals; columns: filter posterior p(x; |

Y1,---,yt) (left) and smoother posterior (right). The posterior sharpens at each observation and spreads during free inte-
gration.

Figure A3. Full marginal posterior PDFs for all three state variables, corresponding to Fig. 3. Colour encodes probability density; observations
(dots, oops = 0.05) and true state (solid) are overlaid. Grid: 503; Nops = 40; Atops = 4 time units (0.027;). Non-Gaussian and multi-modal
structure during large slip events is visible in x; but not recoverable from the mean +1¢ summary in the main text.
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Filter p(x1|y1...yt) — SDE(x1) truth, det. model Smoother p(x1) — SDE(x1) truth, det. model
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(b) SDE(x1) truth (cspg = 0.01) with deterministic forward model (skill 0.646). Same layout as (a). Broader x; posterior
reflects unmodelled stochastic increments; x3, x3 posteriors remain relatively tight as noise does not enter those channels.

Figure A3. Full marginal posterior PDFs for all three state variables, corresponding to Fig. 3. Colour encodes probability density; observations

(dots, oops = 0.05) and true state (solid) are overlaid. Grid: 503; Nyops = 40; Atops = 4 time units (0.027;). Non-Gaussian and multi-modal
structure during large slip events is visible in x; but not recoverable from the mean +10 summary in the main text.
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Filter p(x1|y1...yt) — SDE(x2xs3) truth, det. model

Smoother p(x1) — SDE(x2x3) truth, det. model
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(¢) SDE(x2x3) truth (ospg = 0.01 on xo,x3) with deterministic forward model (skill 0.622). Same layout as (a). Broader
Xa, x3 posteriors reflect noise entering through those channels; the filter PDF for x; occasionally loses contact with the true
trajectory.

Figure A3 (cont.). Full marginal posterior PDFs for all three state variables, corresponding to Fig. 3. Colour encodes probability density; observa-
tions (dots, oobs = 0.05) and true state (solid) are overlaid. Grid: 503; Nobs = 40; Atops = 4 time units (0.02 7;). Non-Gaussian and multi-modal
structure during large slip events is visible in x; but not recoverable from the mean +1¢ summary in the main text.
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Event-based Bayesian forecast: ODE vs SDE truth (PDF)
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Figure A4. Full marginal forecast distributions corresponding to Fig. 4. Colour encodes probability density p(x1 | y1,...,yr) during assimilation

(left of dashed line) and the forecast density thereafter, revealing non-Gaussian spreading and multi-modal structure that the mean + std summary
in the main text cannot capture.
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APPENDIX B: COMPUTE LOG

The following is the complete terminal output from the seven-stage Julia compute pipeline. It records the key numerical results at
each stage and serves as a reproducibility record for the figures and statistics reported in the main text.

The same (within numerical precision) results should be reproducible by running the code contained in the Github repository.
More details of how to run the code and how the codebase is structured are provided in the README .md file on Github.

=== Spring-Slider Compute Pipeline ===

Started: 2026-04-26 16:44:06
Threads: 32

[1/7] Deterministic Analysis
Parameters: =1.0, =0.84, =0.048, =0.068587, v=1.0
Post-transient trajectory: 496001 steps
Computing Lyapunov spectrum...
= [0.00462, -1.0e-5, -0.08088], sum = -0.076266
D_KY = 2.057, _L = 216.304
Computing correlation dimension...
Theiler window: zero-crossing=92 samples, 1/e crossing=60 samples
Theiler sweep: [15, 30, 60, 120, 180, 300, 600, 1200, 2163] samples ( _L=2163 samples)
Running correlation_dimension_multi (n=496001, 11 Theiler values)...
correlation_dimension_multi: 5196.9s
d (full-data) = 1.5068 (Theiler=92), 1.5059 (no Theiler)
Theiler sweep d: [1.518, 1.5097, 1.503, 1.5065, 1.5163, 1.5068, 1.5057, 1.5173, 1.5233]
Fraction-based d convergence (n_full=496001)...
N=4960 (1.0%): d=1.5174 (0.8s)
N=49600 (10.0%): d=1.5061 (53.1s)
N=99200 (20.0%): d=1.5064 (215.3s)
N=198400 (40.0%): d=1.5068 (823.9s)
N=248000 (50.0%): d=1.5068 (1284.1s)
N=496001 (100.0%): d=1.5068 (from multi pass)
Saved deterministic.jld2

[2/7] SDE Ensemble Analysis
Running SDE(x ) ensembles (t [400.0, 800.0], N=200)...
Running SDE(x x ) ensembles (t [400.0, 800.0], N=200)...
Deterministic: 616 events, mean interval = 80.39
SDE(x ) spread - =0.005: "(x)=0.39, =0.01: "(x)=0.747, =0.02: ~(x)=0.825
SDE(x x ) spread - =0.005: “(x)=0.853, =0.01: "(x)=0.904, =0.02: "(x)=0.94
Generating 3D divergence trajectories...
Phase-plane push (x)...
Phase-plane push (xx)...
Saved sde_ensembles.jld2

[3/7] Bayesian Data Assimilation
Observation window: t [419.4, 579.4]
Grid: 50° = 125000 points

Deterministic truth

Reanalysis (T_back=160)...

Computing RTS smoother (capped, max_ratio=100)...

Computing RTS smoother (uncapped, max_ratio=Inf)...
Saved bayes_det.jld2 (mean skill = 0.629)

SDE truth (noise on x)

Reanalysis (T_back=160)...

Computing RTS smoother (capped, max_ratio=100)...

Computing RTS smoother (uncapped, max_ratio=Inf)...
Saved bayes_sde.jld2 (mean skill = 0.646)

SDE truth (noise on x, x)

Reanalysis (T_back=160)...

Computing RTS smoother (capped, max_ratio=100)...

Computing RTS smoother (uncapped, max_ratio=Inf)...
Saved bayes_sde_x23.j1d2 (mean skill = 0.622)
Mean skill - det: 0.629, SDE(x): 0.646, SDE(xx): 0.622
Smoother z-score std (capped/uncapped) :


https://github.com/0thomasholland/nldc-coursework/blob/main/README.md
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det: capped=1.018 uncapped=1.019
SDE(x ): capped=1.435 uncapped=1.435
SDE(x x ): capped=1.09 uncapped=1.091

[4/7] Event Forecasting
Detecting stick-slip events...
Assimilation events: 15, forecast events: 6
Total observations: 115 (At = 10.0)
_climate = 0.9776, _L = 216.304

Case: ODE truth

Assimilation phase (115 obs)...

Assimilation complete.

Interpolating to forecast grid (503%)...

Free forecast phase...

Forecast complete: 475 steps.

Skill horizon: 83.0 t.u. (0.38 _L)

Coverage horizon (68%): 122.0 t.u. (0.56 _L)

Case: SDE truth

SDE solved: 16218 steps

Assimilation phase (115 obs)...

Assimilation complete.

Interpolating to forecast grid (503%)...

Free forecast phase...

Forecast complete: 475 steps.

Skill horizon: 145.0 t.u. (0.67 _L)

Coverage horizon (68%): 120.0 t.u. (0.55 _L)

Case: SDE_x23 truth

SDE(x x ) solved: 16218 steps

Assimilation phase (115 obs)...

Assimilation complete.

Interpolating to forecast grid (503%)...

Free forecast phase...

Forecast complete: 475 steps.

Skill horizon: 69.0 t.u. (0.32 _L)

Coverage horizon (68%): 80.0 t.u. (0.37 _L)
Saved event_forecast.jld2

[6/7] Bifurcation Diagram
sweep: 0.2 =+ 1.1, N = 1000
Sweep complete. values with 1 maximum: 277
Saved bifurcation.jld2

[6/7] Predictability Horizon
= 0.004623, _L = 216.3
Grid: 50° = 125000 points
H_o = -1.6822 nats
H = -4.5343, _init = [-0.9342, -0.0784, -0.2551]
Push-forward: DT=5.0, T_MAX=865.2, N=173
T =35.0, _L =216.3
Measured dH/dt (early) = 0.018502 vs = 0.004623
Saved predictability.jld2

[7/7] Interval Sensitivity
_L = 216.3
At_obs values: [1, 2, 4, 8, 16, 32, 64]
T_START_IDX = 1 (t = 400.0)
Grid: 50° = 125000 points

dt_obs = 1 (0.00462 _L)
RMSE=0.0356 spread=0.0438 z-std=1.0478

dt_obs = 2 (0.00925 _L)
RMSE=0.0658 spread=0.0449 z-std=1.7547

dt_obs = 4 (0.0185 _L)
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RMSE=0.044

dt_obs 8
RMSE=0.0369

dt_obs 16
RMSE=0.0467

dt_obs = 32
RMSE=0.0586

dt_obs 64
RMSE=0.0461

Thomas Holland

spread=0.0457 z-std=1.0394
(0.037 _L)
spread=0.0441 z-std=0.8354
(0.074 _L)
spread=0.0512 z-std=0.9872
(0.148 _L)
spread=0.0489 z-std=1.3007
(0.296 _L)

spread=0.0498 z-std=0.9757

Saved interval_sensitivity.jld2

Interval Sensitivity Summary

dt_obs dt/L Grid RMSE
1 0.00462 0.0356

2 0.00925 0.0658

4 0.0185 0.044

8 0.037 0.0369

16 0.074 0.0467

32 0.148 0.0586

64 0.296 0.0461

All stages complete

Finished: 2026-04-26 19:04:32
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