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Fig. 1. The proposed generalization of the rendering equation fuses the photo-realistic visuals of physically-based rendering with a subset of the artistic
visuals of stylized rendering. This gives us a great degree of freedom when designing the look-and-feel of rendered content. For example, in inset (a) we stylize
the sheet of paper to produce a cross-hatched shadow to blend the hand-drawn feel of the robot with the environment around it. In reverse, the stylized
shadow under the pen provides interesting visual contrast in inset (b). In inset (c) the bright gold cel shading brightens the shadowed floor, naturally providing
visual cohesion. In inset (d) we stylize the tank differently depending on whether it is viewed directly or through the mirror on the table. In inset (e) the dull
monotone colors of the story book come to life when viewed through the looking glass.

We propose a generalization of the rendering equation that captures both
the realistic light transport of physically-based rendering (PBR) and a subset
of non-photorealistic rendering (NPR) stylizations in a principled manner.
The proposed formulation is based on the key observation that both classical
transport and certain NPR stylizations can be modeled as a function of
expectation. Given this observation, we generalize the recursive integrals of
the rendering equation to recursive functions of expectation. As estimating
functions of expectation can be challenging, especially recursive ones, we
provide a toolkit for unbiased and biased estimation comprising prior work,
general strategies, and a novel build-your-own strategy for constructing
more complex unbiased estimators from simpler unbiased estimators. We
then use this toolkit to construct a complete estimator for the proposed
recursive formulation, and implement a sampling algorithm that is both
conceptually simple and leverages many of the components of an ordinary
path tracer. To demonstrate the practicality of the proposed method we
showcase how it captures several existing stylizations like color mapping,
cel shading, and cross-hatching, fuses NPR and PBR visuals, and allows us to
explore visuals that were previously challenging under existing formulations.
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1 INTRODUCTION

Modern rendering systems based on physically-based rendering
(PBR) form images by solving a central, physically-plausible integral
formulation called the rendering equation. This integral formulation
is compelling in both its ability to capture a wide-range of physical
phenomena and ease in numerical estimation, and has received
extensive attention in both research and industry. Unfortunately,
it restricts rendered visuals to those that fit within its physically-
plausible formulation.

In contrast, non-photorealistic rendering (NPR) aims to replicate
stylized visuals, like those seen in comic books or animated films,
in a 3D rendering system. These visuals do not necessarily follow
from a physically-based formulation, but instead are the result of
the artist’s aesthetic goals, creativity, or even technical limitations
in the process. Such stylized visuals can be used to express the mood
of a scene, emphasize the motion of a character, or replicate a long-
since-deprecated image forming process, and they have come to be
an essential part of modern creative works.
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To the best of our knowledge, there is currently no formulation
that fully captures the artistic visuals of NPR and the physically-
plausible visuals of PBR in a unified manner. Such a formulation is
compelling as it would open up the possibility to seamlessly combine
physical and artistic visuals in a principled manner, allow us to
explore the application of research advances in PBR to NPR, and
vice versa, and even potentially explore new types of visualizations.

As a step in that direction, we propose a generalization of the
rendering equation that captures both realistic light transport and
a subset of NPR stylizations under a single formulation. Our key
observation is that, under a PBR formulation, a certain subset of
NPR stylizations can be interpreted as modifying the light leaving
the surface of objects. Stylizations such as cel shading and cross-
hatching, as well as those classically used in image editing, such
as contrast and saturation adjustment, can all be distilled down to
the same operation: locally modifying the color of objects. In a PBR
formulation, the color of an object is determined by the light leaving
the surface (i.e. exitant radiance). Putting the two together, we can
interpret that such stylizations effectively apply a style (a function)
to the integral that solves for exitant radiance (an expectation) — a
function of expectation.

Given this observation, we generalize the recursive integrals of
the rendering equation to recursive functions of expectation. This
generalization allows PBR effects like glossy reflections and color
bleed to affect NPR stylizations, and vice versa, and extends the
formulation of Doi et al. [2021] to multiple bounces.

As one might expect, such a reformulation introduces new chal-
lenges in unbiased and biased estimation that need to be addressed
before it can be implemented in practice. We provide a toolkit for
unbiased and biased estimation, comprising prior work, several gen-
eral strategies, and a novel build-your-own strategy for constructing
more complex unbiased estimators from simpler unbiased estima-
tors. We then use this toolkit to construct a complete estimator for
the proposed recursive formulation. To implement the complete
estimator in practice we propose a conceptually simple tree-based
sampling algorithm that comes with tunable performance, vary-
ing from linear to exponential overhead depending on stylization
parameters, permits controllable variance and bias, and can be im-
plemented using many of the components of an ordinary path tracer.

To demonstrate the practicality of the proposed formulation we
implement several existing NPR stylizations like cel shading and
cross-hatching, incorporate stylized and unstylized content in the
same scene, and provide a few examples of stylizations that were
previously challenging under existing formulations.

Concretely, our contributions are:

o A generalization of the rendering equation that captures both
classical transport and a subset of NPR stylizations in a prin-
cipled manner

e A practical estimator and sampling algorithm for the pro-
posed formulation

e Advances in estimators for functions of expectation: proof{(s)
of unbiasedness for MC estimation of recursive functions of
expectation, and a recipe (and related proofs) for combining
estimators under addition, component-wise multiplication
and composition operations.
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2 BACKGROUND AND RELATED WORK

Physically-based rendering (PBR) forms images by solving a physically-
plausible integral formulation called the rendering equation [Kajiya
1986], a simplified form of the radiative transfer equation [Chan-
drasekhar 1960]. This integral formulation is compelling for its
ability to capture a wide-range of physical phenomena and its ease
in numerical estimation.

The rendering equation is formulated as a recursive integral,

L(xy) = Le(xy) + .[v fy )6l dz, (1)

that computes the exitant radiance L(x,y) from the surface point
y towards x. Here L.(x,y) is radiance emitted from y towards x,
fr(%,y,2) is a bidirectional scattering distribution function (BSDF),
G(x,y) is the geometry term, L(y, z) is the recursive incoming radi-
ance, and V is the set of surface points.

To form an image, we must solve the rendering equation (1) for
each pixel p,

= [ W NGO yLxy) dxdy. @

where W), (x,y) is the sensor responsivity term that determines the
light contribution to the pixel p. However, there is often no closed-
form solution to the pixel forming equation (2) in practice, so we
numerically approximate it using Monte Carlo (MC) integration,
fr(xy,2)G(y, 2)(L(y. 2))
(L) = Le(xy) +
P ReRy p(alx.y)
Wy (%, y)G(x,y)(L(xy))
: ©)
p(xy)

where (-) denotes an estimate of a value, and, due to the linearity
of the terms of the estimator, it follows that I, = E [(I p)]

Readers interested in a more thorough introduction to physically-
based rendering can refer to the textbook by Pharr et al. [2023].

, ®)

<Ip> =

2.1 Non-photorealistic rendering

In contrast to PBR, non-photorealistic rendering (NPR) attempts
to replicate artistically stylized visuals in a 3D rendering system.
This includes stylizations that replicate an artistic process for a
physical medium, such as hatching and stippling, stylizations that
imitate a technical limitation, such as cel-shading and half-tone, as
well as stylizations that modify color properties, such as brightness,
contrast, and saturation.

Several existing works in NPR stylization attempt to replicate
an artistic process for a physical medium, like that of hand drawn
sketch styles [Winkenbach and Salesin 1994; Meier 1996; Lake et al.
2000; Isenberg et al. 2006; Lawonn et al. 2018; Todo et al. 2022] used
in artistic and scientific illustrations [Sousa et al. 2005]. Hatching
methods [Hertzmann and Zorin 2000; Praun et al. 2001] use various
techniques to place progressively denser lines to represent variations
in object brightness. In particular, Deussen et al. [1999] and Medeiros
et al. [2009] generate hatching lines by intersecting scene geometry
with sets of planes (see Fig. 2 bottom right). Similar to hatching,
stippling methods [Deussen and Isenberg 2013; Martin et al. 2017]
use small randomized dots to represent variations in brightness.



Fig. 2. Existing work in NPR captures a range of compelling artistic styles.
Objects can be explicitly colorized (top, left) [Doi et al. 2021], drawn with
feature lines to show silhouettes and creases (top, mid) [West 2021], replicate
the detail-preserving style of technical illustrations (top, right) [Gooch et al.
1998], rendered using cel shading (bottom, left) [Barla et al. 2006], or a
drawing style like cross-hatching (bottom, right) [Deussen et al. 1999].

Several other works attempt to replicate visual styles that are the
by-product of a process limitation. Decaudin [1996] and Lake et al.
[2000] demonstrate a cel shading look that replicates the discrete
bands of color often seem in cartoon animations. Barla et al. [2006]
introduce flexible parametrization to cel shading, allowing, for ex-
ample, closer objects to be shaded differently than farther objects.
Spindler et al. [2006] show examples of how to fine-tune cel shad-
ing to different target illustration styles. Work has also been done
to replicate half-tone printing methods [Hall 1999; Deussen and
Isenberg 2013] that represent gradual changes in tone or brightness
with only a limited set of colors.

Yet other works address stylizations for technical illustrations
and visualizations [Sousa et al. 2005] with an emphasis on detail
enhancement [Gooch et al. 1998; Rusinkiewicz et al. 2006]

Adjacent to NPR stylizations is artistic appearance editing, where
scene parameters are modified to achieve a target look. This includes
artistically editing shadows and highlights [Anjyo and Hiramitsu
2003; Anjyo et al. 2006; Todo et al. 2007; Petikam et al. 2021], goal-
based lighting [Costa et al. 1999], or material editing [Ben-Artzi
et al. 2006]. For a thorough overview of artistic appearance editing
we refer the reader to the survey by Schmidt et al. [2016].

Recently there have been a growing number of works leveraging
machine learning to achieve stylization. Style transfer methods have
been shown to successfully transfer artistic style from a style source
image to a content image [Gatys et al. 2016; Zhang et al. 2017, 2018].
More recently there have been advances in learning and replicating
painting techniques [Liu et al. 2023], as well as stylizing volumetric
data [Tojo and Umetani 2022; Wang et al. 2023].

Readers interested in a more thorough overview of NPR styliza-
tions can refer to the review by Lawonn et al. [2018].
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Physically-based Rendering

L(x,y)+ J [(x,y,2)G(y, z)L(y, z)dz
7

Stylized Rendering
2 (L(,(XA, V+ J (%Y, DG, 2)LAY, z)dz)
7

Fig. 3. Physically-based rendering (left) computes the pixel colors of a ren-
dered image by solving for the amount of radiance (light) that bounces
off objects towards a camera. Stylized rendering (right), as it modifies the
perceived color of objects, effectively modifies this radiance. We can repre-
sent this modification as a style function gg, and applying it to the integral
that solves for exitant radiance gives us what is known as a function of
expectation.

2.2 Integrating NPR stylizations into PBR

Physically-based rendering is a compelling framework for a render-
ing system. It follows from a well-studied formulation, produces
high-quality visuals, and is well-suited to the highly parallel archi-
tectures of modern computing platforms.

Modelling NPR stylizations within a PBR-like formulation would
provide us with several desirable benefits. It would allow us to
combine different stylizations into the same scene in a principled
manner, seamlessly combine physical phenomena and artistic visu-
als, and incorporate stylizations into modern PBR-based renderers
[Pharr et al. 2018].

To that end, several prior works demonstrate how to integrate
certain stylizations into a PBR formulation. Doi et al. [2021] present
two such methods, Color Remapping that Affects the Color on a Path
Trace (ACP), and Fidelity for Texture Values (FTV). ACP maps single
sample estimates of exitant radiance in Eq. (1) to a texture value,
effectively colorizing an object based on brightness (see Fig. 2 top
left). FTV, similar in concept to ACP, leverages progressive photon
mapping [Hachisuka et al. 2008; Hachisuka and Jensen 2009] to
produce significantly lower variance estimates of exitant radiance
before mapping them to a texture value. Both methods extend the
rendering equation (1) by using a texture to modify the radiance
reflected from stylized surfaces.

West [2021] presents a method for feature line rendering in a PBR
framework. They take a different approach than Doi et al. [2021]
and reformulate feature lines as intersectable light sources. This
allows them to treat feature lines as an ordinary component of a
PBR formulation, avoiding the need for a new formulation entirely.
Their approach is compelling, but it requires finding a physical, or
near-physical, representation of a desired stylization, which can be
exceptionally difficult.
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While these existing methods produce visually pleasing results,
and hint at how we might incorporate NPR into PBR, they only
cover a limited set of stylizations.

However, let us observe that a subset of stylizations in NPR have a
key commonality — they locally modify the color of objects. In a PBR
context the perceived color of an object is determined by the light
leaving the surface, or exitant radiance, which is formulated as an
integral. These stylization can then be interpreted as a function that
modifies exitant radiance. Applying a function gg that represents a
stylization to the exitant radiance L(x,y), an integral, results in a
function of integration (see Fig. 3).

2.3 Functions of expectation

Functions of integration are better known in their stochastic-form
as functions of expectation. Many interesting integrals I do not have
a closed-form solution, making the direct evaluation of the func-
tion of integration g(I) impossible. By writing the integral I as an
expectation E[(I)] of a random process,

9(D) =g (E[KD]) , ®)

we can formulate numerical approximations.

Outside of computer graphics, Blanchet and Glynn [2015] and
Dauchet et al. [2018] explore the general strategy of representing
an analytic function of expectation as a power series expansion
and unbiasedly estimating the polynomial terms, Lee et al. [2019]
propose an estimator for products of expectation (i.e. polynomials)
that is provably variance-minimal, and Wang and Wang [2022]
discuss methods for unbiased estimation of functions of expectation
when simulation of the underlying distribution is intractable.

In rendering, Georgiev et al. [2019] and Kettunen et al. [2021]
encounter functions of expectation in the formulation for volu-
metric transmittance (an exponential of expectation) and construct
unbiased estimators using power series expansion. In particular,
Georgiev et al. [2019] present several strategies for finite term selec-
tion from a power series to construct practical estimators. Kettunen
et al. [2021] in their unbiased ray marching formulation, present
a fast O(n?) recurrence relation to compute the variance-minimal
estimator of Lee et al. [2019]. Misso et al. [2022] discuss functions
of expectation in the context of debiasing methods, where unbiased
estimation of the tail of an infinite series (e.g. power or telescoping)
compensates for a biased, finite term estimator. Several other topics
in rendering encounter functions of expectation, including unbiased
photon gathering [Qin et al. 2015], differentiable rendering [Ban-
garu et al. 2020], specular manifold sampling [Zeltner et al. 2020],
and path connections for refractive media [Pediredla et al. 2020].

3 STYLIZED RENDERING EQUATION

Our key observation is that a subset of NPR stylizations can be
represented in PBR as a style function applied to exitant radiance
(i.e. a function of expectation).

Given this observation, we propose to generalize the rendering
equation (1) from a recursive integral to recursive functions of expec-
tation.

We refer to this generalization as the stylized rendering equation,
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where the style function gy : Rk — RK is a vector function of k
dimensions parameterized by 6. In general, the parametrization 0
can depend on the vertices x, y. Note that gy being a vector function
implies that L, L, f, and G are similarly vector functions.

When the style function gy is the identity function, i.e. gg(I) =T
for all parametrizations 6, the stylized rendering equation (6) reduces
to the familiar rendering equation (1). Stylization is then any non-
trivial function gy.

Motivation. The generalization (6) has several desirable aspects,
where it:

o allows us to seamlessly integrate certain NPR stylization and
PBR. Under this formulation PBR is now simply an instance
of Eq. (6) with an affine style function.

o has flexible parametrization, providing control over when
and how radiance is stylized.

e opens up visualizations that were previously challenging un-
der existing formulations, like stylizing an object differently
depending on the path taken up to the point of stylization.

Throughout the rest of this paper we will cover the necessary
tool set to implement the stylized rendering equation and explore
how these aspects come to fruition in practice.

3.1 Properties

Existence and uniqueness. In general, there is no guarantee that
an iterative algorithm will reach a solution of (6) for arbitrary style
functions gy. However, in most practical situations for rendering, we
would apply stylization only on finitely many bounces. Therefore,
after a fixed number of bounces, the iterative procedure would
reduce to the usual rendering equation, implying convergence to a
unique solution.

We make a note here that the proposed formulation in Eq. (6)
closely resembles the non-linear Fredholm integral equation of the
second kind in the special case that all the applied style functions
are identical to a fixed function g. More precisely, one can consider
the auxiliary non-linear Fredholm equation given by

L'(X,Y)=Le(X,Y)+/q}fr(X,Y,Z)G(Y,Z)Q(L'(ysl))db ™)

When the integrand and L, are bounded and g is Lipschitz, L” has a
unique solution (see, e.g., Wazwaz [2011]). Further, if L{(x,y) is a
solution to (7), then g o L) (x,y) is a solution to (6).

The practical implications of having a bounce-dependent style
function gy is immense, as we demonstrate in Section 5. We defer a
rigorous theoretical study of the integral equation (6) with bounce-
dependent style functions gy to future work.

Reciprocity of Light. Since (6) contains a non-linearity in gg, the
integral is not separable into paths as in the case of the usual ren-
dering equation. Therefore, it is difficult to formulate the notion of
reciprocity in the stylized context, and investigating reciprocity and
the possibility of a path integral formulation is compelling future
work.



Divergence. Divergence can occur if the total stylized outgoing
radiance is greater than the total incoming radiance,

/L(x,y)dx>/ L(y,z)dz. 8)
% Vv

This is similar to the conservation of energy observed in the render-
ing equation.

Pixel forming. The pixel forming equation (2) is unchanged. We
simply replace the definition of L(x,y) in Eq. (1) with that of Eq. (6).

Parametrization. The style function gg can be parameterized, al-
lowing for stylizations that vary over the parameter(s) 6. For exam-
ple, a spatially varying style function can be achieved by param-
eterizing gg with the vertex position x, § = x, or object-specific
stylization can be achieved by parameterizing gg with the object
ID. We can also control which bounces to perform stylization at,
for example, only the first bounce, which captures many existing
screen-space stylizations, or at only the second bounce so that an
object looks different whether it is viewed directly or through a
reflection. Put another way, even though the formulation is recur-
sive, stylization does not need to be, and we have precise control
of how and when stylization is performed. The parametrization of
go is flexible and is a partial implementation of the mapping matrix
presented by Gooch [2010].

Composition. Two style functions, gy; and gg,, can be composed
to form yet another style function, gg(I) = (g1 © gg2) (I). One com-
pelling composition is that of map-reduce, where we map ggmp )]
to a different dimensionality, apply a style function g, (I), then re-

duce ggdc (I) back to the original dimensionality, such that gy (I) =

(gredC o gé o gemap)(I). This sort of map-reduce can be useful for

styles like cel-shading, where we need to map a vector sample to a
scalar brightness, apply a function that converts the brightness to
(potentially discrete) bands, and then reduce the modified bright-
ness back to a vector sample. We demonstrate further examples of
composition in Section 5.3 and Fig. 10.

Tristimulus rendering. For tristimulus rendering, the k in gg :
Rk — RFK is 3 and the color channels are the components of the
vector function (e.g. red, green, and blue in RGB rendering). While
we can estimate the rendering equation (1) independently for each
color channel, this is not necessarily the case with the stylized
rendering equation (6), as some style functions gg may introduce
component-dependence (e.g. the cel shading example in the previ-
ous paragraph). More explicitly, the stylized rendering equation (6)
is component-separable only if the style function gg can be decom-
posed into k component-specific scalar style functions gg; : R = R
such that gg(x) = (gg1(x1), ..., g0k (xx)) for x1,...,xx € x. Ap-
pendix B provides further details on component dependence and
separability.

Compatibility with non-transport stylizations. The stylized ren-
dering equation (6) expresses how light is transported, but places
no restriction on, and makes no modifications to, the underlying
geometry or materials of the scene. This allows us to combine NPR
stylizations captured by Eq. (6) out-of-the-box with methods that
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modify geometric and material properties, such as mesh deforma-
tion or a wide variety of appearance editing methods [Schmidt et al.
2016] that modify material properties, lighting, and object proper-
ties like vertex positions and surface normals. We demonstrate one
such example in Fig. 12.

4 MONTE CARLO ESTIMATION OF THE STYLIZED
RENDERING EQUATION

Given the generalized formulation we would then like to derive
a practical Monte Carlo estimator. To do so, we will first look at
unbiased and biased estimators for individual style functions (i.e.
functions of expectation) gg(I). We will then explore how to com-
pose these local estimators into a complete estimator for recursive
functions of expectation, and how to implement this complete esti-
mator in practice.

For some style functions gy it is possible to produce an unbiased
estimate of gg(I) from a group of unbiased estimates (I)1, (I)2, ...
of I. We refer to such estimators as group-unbiased estimators, or
more compactly, gu-estimators.

Group-unbiased estimators. For a given style function gg : R¥ —
RK, a gu-estimator is an explicitly defined function gy : Rk —
R that takes n unbiased estimates (I)1, ..., {I), and outputs an
unbiased estimate of gg(I), i.e.

90(I) =E[do (D1, ... {Dn)] . ©)

We will refer to the family G of style functions for which there is
a tractable, known gu-estimator as group-unbiased style functions,

g6 : R¥ — R¥ : 3 gu-estimator g : R™* — R s1t.
G = Vintegral I € R¥ with unbiased estimates (I);, (10)
go(I) =E[go({D1,....n)] -

Biased estimators. For style functions for which there is no known
gu-estimator (e.g. the step function), or for which unbiased estima-
tion is prohibitively expensive or slow to converge, we can use
biased estimation. Biased estimators have the nice property that
they tend to work for (almost) any function and have intuitive, con-
trollable properties. We will look at two different biased estimation
strategies: finite-term polynomial approximation of the style func-
tion gy (for which we can construct a gu-estimator), and directly
applying the style function gy to an estimate of I (for which we can
construct a telescoping series).

4.1 Prior work in unbiased estimation of functions of
expectation

Several prior works in statistics and computer graphics have pro-
posed group-unbiased estimators for functions of expectation. Let
us briefly review the concepts and estimators introduced by these
prior works, as they will provide the foundational components of
a more general class of group-unbiased estimators in Section 4.2.
For an in-depth exposition, we refer the reader to the supplemental
material.
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4.1.1 Power series.

(o8]

go(D) & ho(D) = " ax(1 - b)F (11)

k=0

For an analytic style function gy we can construct a group-unbiased
estimator from its Taylor series expansion hy around an expansion
point b,

U=k, (12)

=ay

where gék) (b) is the k™ derivative of gg evaluated at the expansion
point b.

To construct a practical estimator for a power series like in (12)
we will need to select a finite number of terms to evaluate while
still maintaining the unbiasedness of the estimator. Georgiev et al.
[2019] discuss several strategies to do so, including the iterative
prefix-sum strategy, which selects n with some probability P(n) and
weights each of the first n terms by the probability P(k < n) that
their index k is less than n,

(ho(Diter = ),

k=0

967 () (1 - b))
k' Plk<n)

(13)

Each of the polynomial terms ((I — b)*) can then be unbiasedly
estimated using a product of k samples of (I) — b, or the variance-
minimal recurrence relation of Kettunen et al. [2021].

While a majority of the current work on unbiased estimation of
analytic functions of expectations focus on Taylor expansion, we
note here that there are other ways to expand analytic functions
into a power series. For example, Bernstein polynomials, Chebyshev
polynomials, and Legendre polynomials are popular alternatives
used in physics, engineering and applied mathematics literature.
Applying these polynomial bases to rendering is an interesting
direction of future work.

4.1.2 Telescoping series.

go(I) © J() = J(k) + > TG +1) = J()) (14)
Jj=k 4;

Similarly to power series, telescoping series estimators [McLeish
2011; Rhee and Glynn 2012; Misso et al. 2022] are based on a con-
vergent infinite series representation (14). In the context of stylized
rendering, to form a telescoping series we can reformulate gg(I)
as gg(I) = limg_, J(k), where J(k) is a biased approximation
of gg(I) and the bias monotonically vanishes as the parameter k
approaches infinity.

One possible way to formulate J (k) is as J (k) = gg(I(k)) for some
sequence I (k) that converges to I, the exitant radiance we wish to
stylize. When the function gy is continuous, one can then write

go(I) = limy_ go(I(K)). Setting I(k) = L 5% | gg;; , a k-sample
Monte-Carlo estimator of I is a natural choice, and, although realiza-

tions of I(k) are random variables, the continuous mapping theorem
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of Mann and Wald [1943] guarantees convergence of gg(I(k)) to
g0 (D).

To construct a group-unbiased telescoping series estimator, we
can set J(k) = gg(I(k)), and then use a term selection strategy such
as iterative prefix-sum to stochastically select the first n terms,

k+n-1

Go(D)rete = goI(k) + 901G +1) ~goU()))
j=k

P(j—k<n)

(15)

4.2 Combining group-unbiased style functions under
certain operations

90 = 901 ® 9oz (16)

Group-unbiased style functions gy have the interesting property
that they can be combined under certain operations & to produce yet
another group-unbiased style function for which we can construct a
gu-estimator gg. This allows us to construct unbiased estimators for
more sophisticated style functions by using simpler style functions
as building blocks.

THEOREM 4.1. The family of group-unbiased style functions G
defined in Eq. (10) is closed under the following operations (see Appen-
dix D for proof):

o Addition: gg1,90, € G = gp1 +9o2 € G.
o Component-wise multiplication: gg1, 992 € G = Jg1 992 € G-
o Function composition: gg1,9ggs € G = gg1 © 9oz € G-

In mathematical terms, G forms a function ring (more specifically, an
integral domain) under addition and component-wise multiplication
that is also closed under function composition.

To use this in practice, for some operation on the operand style
functions gg; and gg,, we only need to perform a corresponding
operation on their respective gu-estimators gg1 and ggs:

o Addition: §g = gg1 + Jg2 is a gu-estimator for gg; + ggo by
linearity of expectation, requiring only max{ny, nz} samples.

e Component-wise multiplication: §g = §g1-gg2 is a gu-estimator
for gg19g2, requiring (n; + nz) mutually-independent esti-
mates of the integral I.

« Composition: o (1) = do1({do2 ({()}1,...n) }1,..my) is 2 gu-
estimator for gg; o gg,, requiring n; independent estimates
of gy (I) for each evaluation of §g1, and ny independent es-
timates of I for each evaluation of gys, for a total of niny
independent estimates of I.

We provide a concrete example of combining group-unbiased esti-
mators in Appendix D.

Up to this point we have considered style functions gy that were
group-unbiased. For style functions for which there is no known
gu-estimator (e.g. those with discontinuities), or for which unbiased
estimation is prohibitively expensive or slow to converge, we can
use biased estimation.
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Fig. 4. Left: Different polynomial bases will provide more accurate approximations depending on the function being approximated and the desired maximum
degree. In general, if nothing is known about the function being approximated, the Chebyshev basis is a good choice, showing superior convergence as the

maximum degree increases. Right: Discontinuities in the original function gg can be challenging to approximate with a finite degree polynomial, resulting in
potentially undesirable fluctuations in otherwise flat regions. Furthermore, many polynomial bases are only guaranteed to converge to the function over a fixed
interval, with no guarantees on function shape outside of this interval. We show convergence for two integrals (right): I; where the integral and all samples

fall within the fit interval, and I where the integral falls within the interval, but the integrand samples may fall outside. Here polynomial approximation hg

grows exceptionally negative for values greater than 1, and the gu-estimator (kg (I;)) suffers from extreme variance and slow convergence.

4.3 Polynomial approximation

n

go(1) ~ ho(D) = > a1 (17)

k=0

One strategy for biased estimation of a style function gy is poly-
nomial approximation. We can use a finite-degree polynomial ftg to
approximate the shape of the style function gg and construct a group-
unbiased estimator for the terms. If the shape of the polynomial
is sufficiently close to the shape of the style function the resulting
bias from approximation may be acceptably low. We provide fur-
ther discussion of polynomial approximations in the supplemental
material.

4.3.1 Canonical experiments. In Fig. 4 (left) we explore the fit accu-
racy of a general polynomial approximator that attempts to find the
best fit coefficients directly, and three bases: Taylor, Bernstein, and
Chebyshev, for an ablation of different style functions gg and degree.
Bernstein polynomials show poor fit and slow convergence for all
three style functions. As a general trend, all other methods are com-
parable for lower degree fits. For higher degrees, Chebyshev (and
Legendre) basis shows superior convergence than the commonly
used Taylor approximation which computes local fits.

In Fig. 4 (right) we demonstrate some issues inherent to poly-
nomial approximations. Most polynomial fits are computed over a
fixed interval, and show erratic behavior even slightly outside this
interval. This is even more prominent for functions that drastically
change behavior over a small domain, for example near disconti-
nuities due to large coefficients for higher-order terms in the ap-
proximation. Further, estimating higher order terms require more

samples, potentially leading to more variance and numerical preci-
sion issues. As such, numerical stability is only guaranteed when
all estimates (I);, as well as the final integral value I, are entirely
contained in the fit interval. In practice, one can choose a fit interval
that sufficiently covers the sample distribution and clamp outliers to
the interval. While clamping is biased, the bias introduced is usually
smaller than the variance of outliers (see the render in Fig. 11).

These drawbacks of polynomial approximation, especially for
discontinuous functions, leads us to investigate alternative strategies
that introduce controllable bias but admit numerical stability.

4.4 Direct application

go(I) = gg (1)) (18)

One of the most straight-forward strategies for biased estimation
of gy(I) is to directly apply the style function gy to an estimate
(I) of the integral I. While direct application is generally biased,
it provides a reliable, fixed budget fallback option for when there
are no tractable options for unbiased estimation of gg, or when a
polynomial approximation hg produces an unstable, high-variance
estimator.

One such inner-estimator (I) is an ordinary n-sample MC estima-
tor,

90 (1)) = g0 (% > ﬁg;) A (19
i=1 !

Note that this is the same as the initial term I(n) of the telescoping
series example discussed in Section 4.1.2.
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Fig. 5. For a biased direct application estimator (19) of a step function of expectation, and its rendering counterpart, cel shading, the variance of the
inner-estimator (I) results in a probability of estimates gg ((I)) falling on either side of the step. Averaging many such estimates produces a mollification
of the style function around the step boundary. We note that variance is high for integrals closer to the step boundary, as a small change in value of the
inner-estimate (I) can result in a large change in value at the discontinuous step boundary. However, for a given integral I, as the number of samples (column
labels) of the inner-estimate (I) increases, the direct application estimate gg ({I)) of the step function of expectation converges super-linearly (right). We

explore the phenomenon further in Appendix C.

Due to the nature of the Monte-Carlo estimation of I, increasing
the sample count n of the inner-estimator in Eq. (19) leads to a
linear decrease in the variance of (I). The bias in this estimator
can be quantified via a Taylor expansion of gg around I as follows
(assuming that gy has well-behaved derivatives at I),
gpD)

> (D -D*+0((Iy-D? . (20)

go({I) —go(I) ~ gp(D(D) - +

By taking expectation of both sides of Eq. (20) and ignoring the
higher order error terms,

9, ()
2

Elgo((D) - go(D] ~ "= - Var(1)). (21)
Hence, in practice, the expected bias in Eq. (19) is approximately
proportional to the Variance of (I), resulting in a mollification of
the style function. A closer analysis of the bias in Eq. (19) for non-
analytic style functions gy is much more challenging, but would
lead to interesting applications in debiasing. We leave this avenue
of investigation as future work.

Canonical experiments. In Fig. 5 we demonstrate the effect of
biased estimation on a challenging case for polynomial bases, the
step function. When g is a step function, (20) suggests that locally,
when I falls far from the point of discontinuity, the bias in the
estimator is directly proportional to the error [ — I. Further, in the
case of a step function we observe a super-linear convergence of
the bias with respect to the sample count n (i.e. variance) of the
inner-estimator. We delve into the details of this fast convergence
in Appendix C.

Analogous to the step function, cel shading in rendering maps
continuous brightness values to discrete bands. While we observe
similar super-linear convergence to the step function for individual
pixels (insets, bottom rows), the overall convergence of the entire
region is near-linear, with error concentrating around the discon-
tinuity (right, bottom). Here the bias caused by variance of the
inner-estimate produces a blurring-like effect on the step boundary
that fades as sample count of the inner-estimate increases.
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4.5 A complete estimator

We can construct a complete estimator for the pixel forming equa-
tion (2) for the stylized rendering equation (6) by replacing each
function of expectation gg(I) of the recursive formulation with a
group-unbiased estimator thereof, such that,

Wy (%, 7)G(x y){L(x,Y))
p(xy)

Ip) = ; (22)

where (L(x,y)) is,

<L<x,y>>=ge({Le<x,y>+ﬁ (X’y’z")G(y’z"”L(y’z"”} ) (23)
1k

p(zilxy)

and where gy is a group-unbiased estimator for the style function
go,i € 1,-- -, k,and the number of estimates k required to produce a
single estimate (L(x,y)) is §g-dependent (e.g. for a group-unbiased
polynomial estimator §g = (I") the required number of estimates k
should be at least n).

The recursive MC integration estimator for the rendering equa-
tion (3) requires only one sample per expansion. In contrast, each
expansion of the complete estimator (23) requires a minimum of k
samples. Recursively satisfying the sampling requirement k of the
estimator gy at each next surface point z will produce a tree of sam-
ples (see Fig. 6). Let us emphasize that, while a tree is the minimal
unit of sampling for the complete estimator (23), the sampling cost
is not necessarily exponential. We discuss this point in Section 4.6.

Unbiasedness. The complete estimator is then unbiased if, for the
given parametrizations 6, and the given integrals I, the stylized
rendering equation (6) is convergent and each estimator gy is group-
unbiased (see Appendix A for proof). Conversely, for some style
function gy, if we choose to use a non-group-unbiased estimator,
for example the biased direct application estimator of Section 4.4,
do = go ({I)1,- -+, {I)k), there is no guarantee on unbiasedness.
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Fig. 6. Evaluating a group-unbiased estimator at a surface point may require
more than one integrand sample (e.g. the blue vertex on the bunny requires 3

samples). Starting from the camera and recursively expanding outwards, we
observe that satisfying the sample requirements of each next gu-estimator
forms a tree (bottom), similar to that of distribution ray tracing [Cook et al.
1984].

4.6 Implementation

One way to satisfy the sampling requirement of the complete es-
timator (23) is depth-first recursion. For a given pixel p, we start
from the camera at x and trace a ray towards a first hit-point y. At
y we determine the sampling requirement k for the local estimator
Jo and draw a first sample z. This process repeats at each z and
we proceed to recursively expand the complete estimator until a
termination condition is met, for example, hitting the sky box or a
fully absorbing surface. This sampling algorithm is similar in spirit
to distribution ray tracing [Cook et al. 1984], and we provide a more
concrete form in Algorithm 1.

Sampling cost. The sampling cost of Algorithm 1 is highly tunable.
As discussed in Section 3.1, we can use parametrization to control
when and how an object is stylized, and this concept extends to
sampling cost. By stylizing at only specific levels of recursion, or
alternatively, applying a stylization a specific number of times along
a path of recursion, we can keep the sampling cost bounded. For
example, by performing stylization only the first time an object is
encountered along a path of expansion, we achieve a natural visual
cohesion between the object and its environment for a fixed, linear
sampling cost. Further, we can use techniques like Russian roulette
[Rath et al. 2022] to early-terminate the expansion of tree branches
without affecting the unbiasedness of the estimator.

Divergence. As discussed in Section 3.1, divergence can occur if,
for a given style function, the total stylized outgoing radiance is
greater than the total incoming radiance. One solution is to apply
energy-increasing style functions at only a finite number of depths
of recursion. There may still be an increase in total system energy,
but the system won’t diverge. Another option is to clamp excess en-
ergy, similar to iterative path filtering [Deng et al. 2021]. Clamping,
however, can significantly affect the rendered result.

Stylized Rendering as a Function of Expectation « 96:9

Algorithm 1: Tree sampling for stylized rendering

1 for pixel € image do

2 ray = camera.sampleRay (pixel)

3 X = ray.origin

4 y = scene.intersects(ray)

5 sample = W), (x,y)G(x,y)stylize(x,y) /p(x.y)
6 image[pixel].accumulate(sample)

Input: x: the previous vertex, y: the current vertex, 0: the stylization
parameters (e.g. path prefix, vertex depth, position, time, etc.)
Output: L;: the stylized radiance
7 Function stylize (x,y):

8 style = determineStyle(0,y)

9 sampleCount = style.requiredSamples(0,y)
10 samples = []

1 fori € {0, ..., sampleCount — 1} do

12 if isTerminal(y) then

13 ‘ Lo = Le(x,y)

14 else

15 ray = sampleNextRay(x,y)

16 z; = scene.intersects(ray)

17 L; = stylize(y, z;)

18 Lo = Le(x,y) + fr (%Y, 2:)G(y, z:) Li /[ p(zi %, y)
19 samples.add(L,)

20 L = style.apply (6, samples)

21 | return Lg

Consistency when using biased estimators. By itself a biased esti-
mator like the direct application estimator (19) is consistent, i.e. as
n tends to infinity over a single realization it will converge on the
correct solution. However, in the complete estimator (23), we have
nested local estimators, and for the complete estimator to produce
a sample with bounded memory, each biased local estimator must
produce an estimate in a bounded number of samples. Exploration
of methods to make the complete estimator consistent even with
biased local estimators would be an interesting direction of future
work.

Discontinuous style functions. For a discontinuous style function
we are unable to apply the unbiased estimation strategies of Sec-
tions 4.1 and 4.2 due to its discontinuous nature, and the biased
estimation strategies of Sections 4.3 and 4.4 can produce undesir-
able fluctuations and mollification. For results in this paper we use
a biased direct application estimator (19) with high sampling rates
for sufficiently low mollification. Such high sampling rates are per-
missible when demonstrating the theory, but can be too costly for
general use. In practice, clean edges can be worth the cost of a
slight divergence from theory and a modest amount of additional
bias. If information from deeper recursion levels is not required
(i.e. an estimate of global illumination is not necessary for styliza-
tion) we recommend using a fast, low error integrator, like linearly
transformed cosines for direct illumination [Heitz et al. 2016, 2018].
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Fig. 7. A style function that maps exitant radiance to a color gradient allows us to specify exact colors for dark and bright regions. ACP [Doi et al. 2021]
approximates this mapping by applying the style function directly to a single sample estimate of the exitant radiance. For near-linear gradients (right split) the
bias introduced by using a single sample estimate is minimal. For more complex gradients (left split) the variance of the single sample estimate can result in
color distortion. Their method, however, is an instance of the direct application estimator in Section 4.4. As we increase the sample count of the inner-estimate
(middle insets) the variance is reduced and the bias of direct application quickly fades, with the 32 sample results almost visually indistinguishable from the

reference.

5 RESULTS

Now that we have a complete estimator and a sampling algorithm,
let us explore how we can use it to render compelling visuals. We
will first look at several examples of basic stylization, namely: color
mapping and cel shading, and compare our rendered results to those
generated by Doi et al. [2021]. We will then look at properties of the
proposed method, including recursive stylization and parametriza-
tion, and a few examples of unbiased estimation via power series and
combining gu-estimators. We will wrap up with rendering examples
of polynomial approximation estimators, several existing NPR styles
[Deussen et al. 1999; Hall 1999; Gooch et al. 1998; Barla et al. 2006;
West 2021], and a discussion of more advanced stylization scenarios
like those shown in the teaser Fig. 1 and Fig. 13.

All results were rendered on a CPU-based RGB renderer using the
sampling algorithm detailed in Section 4.5, using a single worksta-
tion with a 24-core (8 performance, 16 efficiency) Intel 19-13900KF
and 64GB of 4800 Mhz DDR5 memory. For our main results and com-
parisons we use a standardized test scene. This allows us to focus on
specific stylizations and how they affect transport, making the issues
they face, effects they produce, and comparisons clear and easy to
parse. We include specific experimental setup and implementation
details in the supplemental material.

All results shown in this paper, including Figs. 2, 3 and 5, were
rendered using the proposed formulation, estimator, and sampling
algorithm. The only exception is Fig. 8 where we implemented the
FTV method of Doi et al. [2021] as a separate integrator.

5.1 Color mapping and cel-shading

One common stylization is color mapping, where we take some
value (e.g. exitant radiance) and map it to a color. For example,
colorization of monotone images, heat maps, error maps like those
seen in Fig. 7, and even cel shading. Cel shading, an instance of color
mapping, converts the value to discrete bands of color. This can
replicate a technical limitation in some early image forming systems
and processes where only a finite number of colors were available.
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Some modern uses of cel shading limit, not the color palette, but
the brightness of colors, providing for a similar visual style with
greater freedom in color expression.

Doi et al. [2021] present two methods for integrating specific
instances of color mapping into a PBR framework: Affects the Color
on Path trace (ACP) and Fidelity for Texture Values (FTV). We will look
at the results of integrating those same methods into the proposed
formulation, and compare both the visual and convergence rate
differences. At their core, both methods of Doi et al. [2021] are
specific instances of the biased direct application estimator from
Section 4.4 with limited parameterizations 6. This lets us leverage
our understanding of the convergence properties (21) of the direct
application estimator (19) to overcome several challenges in these
previous methods.

5.1.1 Color mapping and ACP. ACP maps the range of exitant
radiance estimates of individual path tracing samples to a gradient,
and many of such mapped estimates are then averaged to form
an image. This has the interesting quirk that the resulting average
might not be a color on the gradient. ACP is an instance of the direct
application estimator from (19) where the sample count n equals 1,
and from the convergence properties (21) we know that the color
inaccuracy produced by the method is proportional to the variance
of the radiance estimates.

In Fig. 7 we demonstrate the output visuals of ACP and the more
general direct application estimator on two different gradients: one
near-linear and one non-linear. For near-linear gradients (right split)
the bias introduced by using a single sample estimate is minimal.
Radiance estimates that exceed the maximum mapped value of
the gradient are clamped to the maximum value, producing slight
underestimation. As we increase the sample count n of the inner-
estimate the underestimation bias quickly vanishes.

For non-linear gradients (left split) the variance of the single
sample estimate can result in potentially strong color inaccuracy. If
sample variance is high, samples may be mapped to a wide range of
gradient colors, and the average of these colors is not guaranteed
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Fig. 8. Here we demonstrate a global illumination variant of cel shading that produces natural looking color bleed (see the dragon’s chest) while still

preserving the trademark discrete bands of cel shading. When using a direct application estimator (19) for cel shading, small fluctuations due to variance of
the inner-estimate can result in large fluctuations in the cel shading estimate. Top rows: FTV [Doi et al. 2021] uses photon density estimation to mitigate the

variance of the inner-estimate, but leads to splotchy artifacts for early renders and gradual accumulation of bias as rendering progresses. Bottom rows: The
proposed brute force estimator has controllable bias, leading to better estimates given a sufficient sampling budget.

to exist in the gradient. Increasing the sample count n of the inner-
estimate can reduce this color inaccuracy, and at 32 samples per
estimate we observe almost no visual difference from the reference.

5.1.2  Cel shading and FTV. Similarly to ACP, FTV also maps exi-
tant radiance to a color, but leverages photon density estimation
to produce highly converged estimates before applying the color
mapping. This allows for the highly accurate, low variance estimates
required by some mappings, for example cel shading, where high
variance estimates result in mollification of the otherwise discrete
color bands.

Discussion. In Fig. 8 we demonstrate the convergence of the pro-
posed sampling algorithm (1) and FTV [Doi et al. 2021] for a single
style evaluation with increasing sampling budget. When using a
direct application estimator (19) for cel shading, small fluctuations
due to variance of the inner-estimate can result in large fluctuations
in the cel shading estimate. FTV [Doi et al. 2021] (top rows) attempts
to overcome this by producing a low variance inner-estimate using
photon density estimation, showing lower error for early estimates
but suffering from accumulated bias as rendering progresses. Here
we note that the correlated sample use of photon density estima-
tion results in splotchy artifacts that fade as the number of photons
increases from 217 to 223. The proposed brute-force algorithm (1)
(bottom rows) is less efficient, but has controllable bias allowing for
lower error estimates with a sufficient sampling budget. Here we see
strong blurring of the discrete bands at 2 samples per inner-estimate
that disappears as the sampling budget increases.

While the concept of reusing samples to efficiently reduce inner-
estimate variance is inspiring, the use of photon density estimation
in stylized rendering poses some challenges. As photons are ran-
domly cast throughout the scene, we can not directly control the
number of samples available at estimator evaluation time. Variable
sample count is a minor issue for a biased estimator like Eq. (19),
which can function with as few as 1 sample, but can potentially fail
to produce an estimate for power series estimators (Section 4.1.1),
where there is a minimum required number of samples. Moreover,

as the underlying method of Doi et al. [2021] is progressive photon
mapping, stylization can only be applied at one vertex along a path,
which places a limitation on the types of visualizations achievable.

Despite these drawbacks, the concept of reuse is inspiring and
would make for an interesting direction for future work.

5.2 Parametrically-varying style functions

The style function gy of the proposed formulation is parameterized
by 6, allowing us to control which objects are stylized, how that
stylization changes over the parameters 6, and even how styles are
blended.

In Fig. 9 (left), we demonstrate recursively applying a style func-
tion that increases color saturation. Here we see a visible increase
in color intensity around regions of strong inner-reflections as the
levels of recursion increases. However, performance suffers greatly
as the number of recursion levels increases from 0 to 3, with 3 levels
of recursion incurring a 22 times larger overhead compared to the
unstylized render. Each evaluation of the style function requires 8
samples, with 3 levels of recursion effectively requiring 83 = 512
samples for a single pixel sample. Unless recursive stylization (i.e. ap-
plying the same stylization on the same object recursively) is essen-
tial to a desired look, we strongly recommend using parametrization
to apply a style at only a limited number of recursions.

In Fig. 9 (right), we demonstrate several permutations of stylizing
an object at different vertex depths, and how that stylization is
further affected by other stylizations in its path prefix. In the first
row we can see clear visual discontinuity when stylizing at specific
vertex depths, with the fourth column showing stylization only
when the dragon is viewed through both the glass pane and the
mirror. In the fourth row we see the effect of all three stylizations
interacting, where stylizations earlier in the path modify the look
of stylizations deeper in the path. The fifth column uses a "first
hit only" parametrization that performs stylization of an object
only the first time it is encountered along a path through the tree
sample. This results in visual coherency without the excessive cost
of self-recursion.
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Fig. 9. Left: The stylized rendering equation (6) has the unique aspect that we can apply styles recursively. Here we show 4 configurations of a saturation-
increasing style function performing stylization 0, 1, 2, and 3 times along a given path. We can observe a clear difference in rendered output as the number
of levels of recursion increases, with the bottom image showing strong saturation in regions of inner-reflection. Recursive stylization, however, comes at a
significant cost (see time measurements) and we recommend only recursively styling an object when it is essential to the visual design. Right: Similarly, the
parametrization of gg allows us to control exactly when stylization occurs. Here we demonstrate a how stylizing a dragon at specific vertex depths affects
the rendered image (columns). The mirror on the floor and the glass pane on the right side can also be stylized to produce complex chains of stylization
(rows). Note that stylizing at specific vertex depths can result in the dragon looking different depending on whether it was viewed directly or indirectly. In the
red insets (rightmost column) we demonstrate stylizing that occurs at the first occurrence of the dragon along an expansion path, resulting in consistent

stylization regardless of what path we took to reach the dragon.

5.3 Unbiased stylization using power series and certain
operations
For analytic style functions, e.g. gamma correction, we can construct

a group-unbiased estimator from their power series expansion (see
Section 4.1.1). Gamma correction is formulated as a non-integer

power of the input, gg(I) = I'/C, with a power series of,

go(D) = i UG-k (1/G)1/G-1) - (1/G—k+1)

o (I-b)k. (29

k=0
for which we can construct a group-unbiased estimator.

In Fig. 10 (left) we demonstrate unbiased estimation of gamma
correction on the surface of the dragon. In the insets (a)-(f) we show
the same-time rendering result for 6 different estimation strategies
of the power series (24). In inset (a) we use the single-term selection
strategy [Georgiev et al. 2019] with a fixed expansion point b =
0.5 and a naive polynomial estimator (i.e. product of independent
samples). The resulting noise from estimation is severe. In inset
(b) we replace the single-term selection strategy with the iterative
prefix-sum selection strategy [Georgiev et al. 2019], significantly
reducing variance for minimal additional overhead. In inset (c) we
further replace the naive term estimator with a recurrence relation
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term estimator [Kettunen et al. 2021]. In inset (d) we replace the
fixed expansion point b = 0.5 with an independent, low sample
estimation b = (I) of the integral I, for a tangible reduction in
variance for only a modest increase in sampling cost. For numerical
stability purposes we clamp the expansion point b such that b > 0.1,
which does not affect the unbiasedness of the estimator. In inset (e),
in an attempt to maximize the benefit of the recurrence relation term
estimator, we introduce oversampling, drawing 2x as many samples
as the highest degree of the prefix of each realization. In inset (f) we
reach close to the maximum amount of variance reduction we could
(empirically) with an 8x oversampling rate. These results suggest
that when using the recurrence relation term estimator it can be
beneficial to spend a significant portion of the sampling budget
on a few, high quality estimates rather than many, lower quality
estimates. In the convergence plot (right, purple line) we show the
convergence of the high performance estimator used for inset (f).
In Fig. 10 (middle) we show examples of combining two group-
unbiased style functions, one for color mapping to a sepia tone (A),
and one for increasing contrast (B), to produce yet another group-
unbiased style function. Both compositions, Ao B and Bo A, result in
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Fig. 10. Analytic style functions can be unbiasedly estimated using their power series expansion (see Section 4.1.1). Here we demonstrate unbiased estimation
of gamma correction on the surface of the dragon (left) and its convergence (right plot, purple line). In the insets (a)-(f) we show the same-time rendering
result for 6 different estimation strategies of the power series and detail each in Section 5.3. Given 2 group-unbiased style functions A and B we can combine
their gu-estimators under addition, multiplication, and composition (see Section 4.2). The resulting combined estimator is yet again group-unbiased and we
show their convergence in the plot on the right. Note that the variance of A - B is disproportionately high compared to the other operations as the product of

radiance values above 1 produce even larger radiance values.

stylizations with a similar brightness to the operand style functions
A and B, and show similar convergence (right, yellow and orange
lines). Addition and multiplication, on the other hand, both cause
an increase in energy showing higher variance, with multiplication
(red line) suffering from extreme variance.

5.4 Biased stylization using polynomial approximation

The direct application estimator (19) is convenient, but its bias comes
in the form of mollification of the style function gy (see (20)). For
strongly non-linear style functions this can produce significant
color distortion. Polynomial approximation is also biased, but that
bias comes from, not the estimation method, which is unbiased,
but the difference in shape of the polynomial approximation and
the original style function. For a sufficiently tight fit, and a sample
distribution that reasonably falls within the fit interval, the bias
introduced will be reasonably small. While an unbiased estimator
for the polynomial approximation may have higher variance than a
direct application estimator, this variance will vanish as rendering
progresses, whereas the bias accumulated by direct application will
not.

In Fig. 11 we demonstrate one such example, where we stylize a
glossy dragon with a tie-dye-like effect. The tie-dye effect is imple-
mented as cosine waves of different frequency and phase operating
on each of the RGB channels independently. We estimate the tie-dye
stylization using two estimation strategies: direct application (19)
and polynomial approximation (17). For the polynomial approxi-
mation, we use a Chebyshev basis up through degree 20 fit on the
interval of [—1, 4]. We choose 4 as the maximum to allow for exitant
radiance samples that exceed 1, and then further clamp any samples
that exceed the interval maximum of 4. The direct application esti-
mator (top rows) produces low variance estimates but at the cost of
mollifying the style function, producing a desaturation-like color
distortion. Polynomial approximation, on the other hand, due to a

tight fit, preserves the bright colors of the style but initially shows
higher error in the form of variance. As rendering progresses, the
direct application estimator continues to accumulate bias, while
the polynomial approximation converges out much of the variance,
producing lower error and visibly better results given a sufficient
computational budget.

5.5 Representing existing stylizations

The proposed formulation captures a subset of existing NPR styliza-
tions, including classical shading methods like the technical draw-
ings of Gooch et al. [1998] and toon shading of Barla et al. [2006],
drawing methods like cross-hatching [Deussen et al. 1999], printing
methods like half-tone [Hall 1999], and can also be combined with
PBR-based NPR methods like the feature line rendering (PBFLR) of
West [2021].

In Fig. 12 (left) we replicate the respective Fig.7 of the paper by
Gooch et al. [1998] for technical drawing stylization and the paper
by Barla et al. [2006] for toon shading stylization. The proposed
formulation allows stylizations like these to naturally affect their
surroundings. In the respective middle insets we can observe how
each stylization affects the shadowed region under the dragon’s
belly. Interestingly, both methods assume a single incident radi-
ance direction, giving us a closed-form solution independent of the
exitant radiance. This allows us to construct a zero sample exact so-
lution, making surfaces shaded with these styles terminal conditions
in Algorithm 1.

In Fig. 12 (middle) we demonstrate three different ways to handle
stylization of lines generated using PBFLR: unstylized, inheriting the
style of the surface a line correspond to, and custom user-specified
stylization. Here the scene has a grayscale stylization applied to all
objects that gives it a similar dynamic range to a pencil sketch. In
the unstylized inset we use the default line colors as specified in
the scene file; in this case, solid black. In the inherited style inset
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Fig. 11. For some style functions gg a polynomial approximation can provide an accurate representation. Here we use a polynomial approximation of degree
20 for a style function that produces a tie-dye effect by applying a cosine wave of different frequency and phase to each RGB channel. For the same sampling
budget of 32 samples per evaluation, the polynomial approximation estimator (bottom rows) shows more accurate colors than a direct application estimator
(top rows). Though the polynomial approximation starts out with higher error in the form of variance, it accumulates less bias than the direct application

estimator, preserving the rich colors of the reference.

we stylize the lines using the stylization of the object the lines
correspond to, causing the default black color to be mapped to a
softer dark gray. In the custom inset we treat lines as their own
object and can stylize them independently.

In Fig. 12 (right) we demonstrate rendering results for cross-
hatching [Deussen et al. 1999] and half-tone [Hall 1999]. Both styl-
izations were implemented using a direct application estimator (19)
and each have an interesting bias profile. In the hatching results the
hard edges of the hatch lines are preserved in the direction normal
to the slice planes, but produce a variable transparency like effect
in directions tangent to the planes. In the half-tone result, we use a
regular grid of spheres that change size based on exitant radiance
similar in concept to Q-maps [Hall 1999] (i.e. parametrically varying
3D textures). As a result, each tone sphere will have softer or harder
edges proportional to the variance of the inner-estimate of the direct
application estimator (see (21)). In the middle inset of each method
we demonstrate simple colorization using the global illumination
information.

5.6 Advanced stylizations

In Fig. 1 we highlight the freedom of expression and level of vi-
sual coherency the proposed formulation can achieve in a single,
coherent scene.

In inset (a), the robot has a cross-hatched shadow that helps blend
its hand-drawn aesthetic with the physically shaded surrounding
environment. To achieve this effect we stylized the sheet of paper us-
ing a variant of cross-hatching that, instead of using a "background
color", lets exitant radiance pass-through, and controlled the region
where this stylization is applied by only stylizing when visibility to
a virtual point light was occluded. We use a similar stylization for
the pen in inset (b), demonstrating a stylized shadow for a physically
rendered object.

In inset (c), the tank combines a cel shaded look with subtle
gradients in the highlights and around rounded edges. We achieved
this effect by using a linear blend between the fast, closed-form cel
shading of Barla et al. [2006] and the underlying reflectance from a
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Trowbridge-Reitz microfacet model. The closed-form cel shading
ignores occlusion, causing the tank to produce light in otherwise
dark regions. The proposed formulation is robust to even these
non-physical effects, and the floor surrounding the tank brightens
naturally, providing visual cohesion.

The stylization of the tank, however, goes beyond just cel shading.
In inset (d) the tank is stylized using a viridis color map when
viewed through the glossy mirror. Note, however, that this alternate
stylization is only applied when viewed through exactly that mirror,
and the reflection of the tank in the other objects (e.g. the side of
the looking glass) is the original gold cel shading.

In inset (e), the contents of the story book come to life more phys-
ically than figuratively, where the otherwise monotone landscape is
colorized when viewed through the looking glass. We achieved this
effect by parameterizing a saturation style function with the path
prefix and adjusting how saturated the exitant radiance is depending
on the path taken.

In Fig. 3, though not the intent of the figure, we showcase depth-of-
field from a thin lens camera on an alarm clock cross-hatched using
the method of Deussen et al. [1999] and the feature line method of
West [2021]. The cross-hatching captures the essence of the physical
light transport and the depth-of-field gives the clock a clear presence
in the 3D environment.

In Fig. 13 we showcase pattern matching. The pirate statue in
the center is stylized with a style function that pattern matches
the path prefix against a set of registered patterns, and if there is a
match, stylizes using the style function associated with the matched
pattern. We can stylize the pirate statue differently depending on if it
is viewed directly, or through each of the 11 mirrors. Parametrization
is one of the interesting aspects of the proposed formulation and
we believe it provides a means to explore new visual expressions
that were not easily captured by existing formulations.
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Fig. 12. Left: The technical illustration style of Gooch et al. [1998] and the toon shading style of Barla et al. [2006] can both be implemented under the
proposed formulation. Here we recreate the stylization of the respective Fig. 7 of both works, using the parameterization 0 to capture information about
user-specified light direction. Middle: The feature line rendering method of West [2021] can be seamlessly combined with the proposed formulation. In their

method lines are just another (light emitting) 3D primitive, allowing us the freedom to preserve the lines’ unstylized color, inherit the stylization of the line
emitting surface, or use a custom stylization altogether. Right: The parameterization 8 of style functions gg can also be used to store global information, like
stroke placement, needed to implement stylizations like cross-hatching [Deussen et al. 1999] and half-tone printing [Hall 1999].

6 LIMITATIONS AND FUTURE WORK

Functions of expectation. Unbiased estimation for functions of
expectation is currently limited to continuous functions. For dis-
continuous functions of expectation, existing unbiased estimation
strategies may not converge. Biased alternatives like polynomial
approximation or direct application are similarly not ideal as they
result in accumulated bias that affects the final image. To that end,
exploring convergent unbiased estimators for discontinuous func-
tions of expectation would be an interesting avenue of future work.

Stylized rendering. One limitation of the stylized rendering equa-
tion (6) is that it only locally modifies exitant radiance. As a result,
some stylizations are not well-captured by the presented formula-
tion, such as those based on convolutions and non-linear diffusion
processes, as well as more abstract stylizations such as oil painting.
Convolutions [Winneméller et al. 2006, 2012] are particularly in-
teresting as they have a clear mathematical formulation. A stylized
rendering formulation that can additionally capture such styliza-
tions would open up PBR to an even wider range of NPR styles.

Each pixel sample in the proposed method requires sampling a
tree through the scene. This can be expensive, especially for heavily
branching trees. The FTV method of Doi et al. [2021] successfully
amortizes sampling cost using photon density estimation, but it lacks
controllable bias and limits the possible stylizations. Methods like
path filtering [Keller et al. 2014; Deng et al. 2021; West et al. 2022]
also greatly amortize sampling costs by reusing ray samples, but
have controllable bias. Deriving an efficient sample reuse algorithm
for stylized rendering is one fruitful avenue of future work.

The path integral formulation [Veach 1997] has played a signifi-
cant role in the advancement of PBR, allowing us to explore new,
low variance estimation methods and combine existing methods in
new ways. It stems from a reformulation of the rendering equation
(1) that relies on the linearity of the terms. The stylized rendering
equation (6) violates this assumption, making the path integral for-
mulation inaccessible. It would be an interesting direction of future
work to explore the concept of a stylized path integral formulation.

7 CONCLUSION

In this paper we propose the stylized rendering equation, a general-
ization of the rendering equation that captures both realistic light
transport and a subset of stylized visuals under a single formula-
tion. This new formulation brings many new challenges, so to make
it immediately accessible we introduce an initial tool set of: local
estimation strategies for style functions, a complete estimator that
combines local estimators, and a simple, tree-based sampling algo-
rithm. Further, we produce several compelling visuals, and believe
that the proposed proposed formulation has strong potential to
spark further research in combining NPR and PBR techniques.
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Fig. 13. What you see isn’t always what you get (in the reflection). Here the pirate statue is stylized differently depending on which mirror it is viewed
through. We parameterize the style function with the path prefix (list of vertices up to the one we are stylizing at) and choose a stylization based on which
mirror was most recently visited. We can even control subtleties of the transport, like the color of light reflected by each mirror at different bounces to create a

subtle color splash at the bottom of each.
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A UNBIASED ESTIMATION OF RECURSIVE FUNCTIONS
OF EXPECTATION

We present a proof by induction that shows that for multiple style
functions ggq, . . ., ggr : R¥ — R¥ and a vector function f with range
in R¥, the complete estimator (23) provides an unbiased estimate
for the pixel value,

I;()r) = gor (/Xge(r—n (/X"'gel (/Xf(il)di1)~-~)d§r).

(25)

Since all of the estimators we consider in Section 4 use the idea
of polynomial expansion or telescoping series, it suffices to prove
the above for only style functions gg; that are all polynomials or
continuous functions that are debiased using (14).

Therefore, suppose that for each 1 < i < r, g; is a style function
with a sampling requirement of k;, and has a corresponding gu-
estimator given by gp; : R¥*% — RK_In case of polynomial g;,
ki > deg g;, and for continuous g;, k; depends on the aggressiveness
of the stochastic termination of (14).
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Then, Algorithm 1 recursively calculates the following estimators:

= /X FEDAR
@y = go1 (U, Ui, )

.]i = ‘//\,Iéi_l)dij

<I£l)> — g@l ((]i)l’ s <]l>k1) .

Calculating (I, ;i)> requires first estimating the integral J; = / X1 ;i_l)dii

k; times. Therefore, to obtain a single estimate for the pixel value
I I(,r) at depth r, we need k1k; - - - k, different estimates of the integral
Ji. Our goal in this section is to prove the following using induction
on the recursion depth, r:

E[U;()r))] =Yor (/Xge(r—n (/X"'gel (Af(§1)d§1)-~-)dir).
(26)

Clearly (26) holds for r = 1 by definition and the fact that gy is a
recipe for ggq, i.e. E[g*91(<]1)1, . (]1>k1)] = g1 (J1). Suppose (26)
holdsforr=1,...,i— 1.

When r = i, we add another polynomial or continuous style
function gg; and recipe gg; : RF*i — RK_First, the complete esti-
mator (23) creates independent estimates ()1, . . ., {(Ji)k, of J; using
k1 - - - ki mutually independent unbiased samples for J;. Finally, as
Joi is a gu-estimator for gg; with sampling requirement of k;, we
have

B[] =Elgoi( U Uk ] = g0s) = 157,

as desired. Therefore, the final pixel value in (25) is unbiasedly

estimated by the proposed recursive estimator (I ;’) ).

B UNBIASED ESTIMATION OF LINEAR
CROSS-INTEGRAL FUNCTIONS OF EXPECTATION

Let us now look into the situation where one of the function of
expectations is cross-integral (i.e., for example, when it averages the
three tristimulus channels to compute an estimate of the brightness,
then uses this brightness estimate to compute a change to each
channel). The main challenge in this scenario is that the inputs
to the style function g : Rk — Rk may be correlated and may
be estimates for different integrals. Such a situation can occur in
specific stylizations such as cel-shading.

More rigorously, let us consider n integrals I; = / x fixi)dx;,
1 < i < n.Suppose now that g : R” — R" is a style function, and we
wish to estimate g(Is, .. ., I). Consider a single component of g, say
g1 : R™ — R. For now, assume that g; is a multivariate polynomial,

n ki

and focus on a single term ¢(x1, ..., xn) = [1}L, x;". Then following

Section 2 of the supplemental material, we can create an unbiased
estimator []7, H§;1<Ii>j for ¢(I4, . .., I,) using k; many different
estimators for the integral I;, as long as the sampling process satisfies
p(X1,....Xn) > 0 whenever [[_; fi(X;) # 0. This implies that for
style functions g whose individual components are representable
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4-average
—— 8-average
—— 16-average

Fig. 14. Probability distribution of the average of n uniform (0, 1)-random
variables for n = 4, 8, 16. As n increases and ¢ is fixed, more and more of the
PDF is covered by (0.5—¢,0.5+¢).

as multivariate polynomials and for a covering sampling process,
g(Iy, ..., I) is unbiasedly estimable.

Following our discussions in Section 4, we also reach a similar
conclusion that any group-unbiased style function which is cross-
component similarly admits a gu-estimator, as long as the above
covering assumption holds.

C CONVERGENCE OF STEP STYLIZATION FUNCTIONS

Here we provide a mathematical explanation about why the step
stylization function of Figure 5 exhibits super-linear convergence
with an increase in the number of internal estimates.

Suppose we are estimating a function of expectation given by
g(I), where g is a step function and I = f x f(X)dx. Then, the nth
Monte-Carlo estimator for I with uniform weights is given by X, =
%((I}l + -+ (I)n), where (I); are independent estimates of I. Let
Var({I);) = o for every i. As g is a step function, there exists ¢ > 0
such that g is constant on the interval (I — ¢, + ¢). By the central
limit theorem, X, converges to a normal distribution centered at I
and variance o2 /n. So for large enough n, | X, — I| will almost surely
be less than . More precisely, Chebyshev’s inequality gives us

Var(Xp) o?
= —

Pr(|X, —I| >¢) < 5

ne
Hence, when n > ‘;—22, this would imply that |X,, — I| < & with prob-
ability 1 — o(1), thus leading to g(Xn) = g(I). Figure 14 illustrates
how, as the number of internal estimates n increases, the probability
distribution of X, has a higher peak at I, thus implying quickly
decreasing tail probabilities of | X, — I| > ¢ for a fixed ¢.

This convergence can also be super-linear in some special cases.
For e.g., consider the integral estimation problem I = fol f(x)dx =
0.5, where f(x) is given by the step function

0, 0<x<0.5,
fx)=1 1, 05<x<1,
0, otherwise.



Then for X chosen uniformly on the interval [0, 1], (I) = f(X)
behaves as a Bernoulli(0.5) random variable. Thus, nX; = (I)1 +
-+ + (I)p, follows the Binomial distribution, which, by Hoeffding’s
inequality, satisfies

Pr(|Xn — 1/2| > €) = Pr(|nX, — n/2| > ne) < 2exp(—2n2e?/n)
= 2exp(—2£2n).

Hence, in this case, the n'™ Monte-Carlo estimate converges expo-
nentially to the mean, which explains the steep drop-off in the MSE
of Figure 5.

D UNBIASEDNESS OF COMBINING GU-ESTIMATORS
UNDER CERTAIN OPERATIONS

Here we show a proof of Theorem 4.1, which is our main tool for
combining different group-unbiased style functions into new ones.
Recall that we wish to show that for G as defined in (10),if g1, g2 € G,
then g1 + g2, g1 - g2 and g1 o gz are all group-unbiased.

ProOF oF THEOREM 4.1. Suppose g1 and g3 are style functions in
G with gu-estimators gy1 and gg2, respectively. That is, for any I
with unbiased estimators {(I); : i > 1}, we have

E[éa](<1>1’)<1>n])] :g](l) fOI'] =1,2.

e Addition: To provide an unbiased estimator of (g1 + g2) (1),
we can use max{ni, ny} estimates of I to form the estimator
9o1({D1, -+, Dny) +go2({D1, .. ., {I)n,)- Hence, g1 +g2 € G.

e Multiplication: Suppose (I)1, ..., {I)n,+n, are independent
estimates for I. Then, as
E[do1 (D1, . D) - Goz (Dot s Dingany)] = 91D
g2(I), hence we have g1 - g2 € G.

e Composition: To construct an unbiased estimate of g2 (g1 (1)),
we can start with nyny independent estimates (I)1, ..., {(I)nn,

of .Foreach1 < i < np,letZ; = 901D (i=1)my+15 - - > Diony)-

Note that E [Zl] = g1 (I) for each i, and therefore the estimator
ﬁgg(él, .. .,an) is an unbiased estimator for g2 (g1 (I)).
This completes the proof of Theorem 4.1. O

An example. As an example, we demonstrate how to make a
gu-estimator for a ratio of exponentials, a’ /b’ by combining ex-
ponential and reciprocal style functions using composition and
multiplication. Let gg;(x) = a*, gga(x) = 1/x and gy3(x) = b*,
where,

o
i (901 - (902 © 903)) (I) - (27)

We observe that the corresponding gu-estimator is of the same
construction,

I
<%> =3do1(D) - (goz © go3) (I) - (28)
where for gu-estimators the composition operator o is defined as
(go2 © go3) (I) = Go2({go3({{D }1....n5) }1,....n,)> and nz and n3 are
the sampling requirements of gg2 and ggs.

In other words, if a style function gy can be constructed from a set
of group-unbiased style function gy; operands using the operations
@ in Theorem 4.1, then a corresponding group-unbiased estimator gg
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can be constructed by applying the same operations to the respective
gu-estimators gy; of the operand style functions.
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