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Where are we in the course?
» Last week: Contemporary way of solving linear systems for GP regression on large datasets
» This week: Probabilistic numerics approach to (approximate) GP regression

Today

» Learning to approximate GPs with probabilistic numerics.
Quantifying approximation error probabilistically.
Iterative numerical methods for GPs as active learning agents.
Philosophical connections between data and computation.

>
>
>
» Exact uncertainty quantification for GPs in (sub-)quadratic time.
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Recap:
Scalable GP Approximations
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Recap: Gaussian Process Regression

An archetypical sup ed machine learning model.

Goal: Learn an unknown function f, : R? — R from a training dataset of example input-output pairs.

f~ GP(p k)
y [ f(X) ~ N (f(X), o°])
f | Xay ~ gP(Mpost;kpost)

Hpost(X) = (k(X,X) + 02/)4
kpost(X(bXW) = (k(X, X) + ‘72’)71
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Recap: GaUSS|an Process Im‘erence V|a the Part|a| Cholesky

Performing Gaussic S infere / decomposition.

y [ f(X) ~ N (f(X), 0°])
f | X,y ~ gP(Mposta kpost)

Hpost (X) = Ci
kpost(XOa)ﬁ) - Ci
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Recap: Learning to Invert the Kernel Matrix

The Cl y decomposition as a learning algorithm for the inverse kernel matrix.

Algorithm Cholesky with Inverse Approximation
Input: spd matrix A Goal: (Low-rank) Approximation C; ~ A~

Output: lower triangular Lj, s.t. L,L/.T ~ A, low-rank C; ~ A~ ) } )
1 procedure CHOLESKY(A) Observation: Matrix approx. — inverse approx.?

2 | AA—ACH=0 LIT ~ A

s | forie{1,...,n}do i

4 Sj <€ / Action ATL)ATL)T AT

5 dj (I — Ci_1A)s; -

6 ni<— s Adj=elA’e; = |lej||3, / Norm. constant =G

7 lj fd, // Matrix observation

8 Ci+—CXy+ 3 dd,T // Inverse estimate

5 A/<._A—LL1” AA~T — C)A = A(l — CA)

10 L= (Li—s I,) . ' 4
1 | endfor Computational complexity: #flops € O(in?)
12 return L;, C

13 end procedure

Cholesky can be seen as an iterative learning algorithm for the kernel matrix and its inverse.
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Recap: Interpreting the Pivoting Strategy as Active Learning L e

In each iteration the partial Cholesky selects a datapoint as a pivot via its action.

Lexicographic Order Random Order
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0 T T T T T T T T T T
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e Data —— Exact GP mean —— Approx. GP mean
Selected Data ——=-Exact GP uncertainty | Approx. GP uncertainty

The selection of datapoints, i.e. choice of actions s;, matters a lot for convergence.
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Recap: Can we find better actions? R

Why restrict ourselves to just unit vectors to probe the matrix residual?

Partial Cholesky Other Method?
A’e, = A(I — C,‘,1A)S,’: Ad, A’e, = A(I — C,‘,1A)S,’: Ad/
0 *
0
= 1 =
0
0 )

Can we learn the kernel matrix (inverse) in a more efficient way via different actions?
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ate Gradients

Efficiently < g \ 00 finite

Goal: Approximately solve linear system Ax = b with few
matrix-vector multiplies.

Idea: Rephrase as quadratic optimization problem and optimize. Let
f(x) = %XTAX —b"x

then Vi(x) =0 < Ax=b < r(x) =b—Ax=0.

Question: How should we optimize?
1. Gradient descent: Follow d; = r(x;) = —=VIf(x;) s.t. (d;,d;) = 0.

2. Conjugate direction method: Follow d; s. t. (dTdj)4 = dTAd; = 0fori # j.
= convergence in at most n steps.

3. Conjugate gradient method: First step dy = r(xp). Oleg Alexandrov, com-

mons.wikimedia.org/w/index.php?curid=2267598
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U

Recap Algonthm Method of Con u ate Gradients TUBINGEN

interpret C arning algorithm for the

Algorithm CG with Inverse Approximation

Input: spd matrix A, vector b, initial guess xg
Output: approximate solution x; =~ A~ 'h, low-rank C; ~ A~
1 procedure CG(A, b, Xg)

2| while [|ri[[o > max(rollbll2, Oator) do

3 ri_q<b— Ax;_; // Residual
4 Sj<—Ti_ // Action
5 Q <Hs,Tr,»_¢ // Observation
6 di (I — Ci_1A)s; /] Search direction
7 n; «— sTAdi= dTAd // Norm. constant
8 Ci o+ C, 14+ = ddT // Inverse estimate
9 Xj<—Xj_q + ° gz d Cib // Solution estimate
10 end while

n return x;, C;

12 end procedure Oleg Alexandrov, com-
mons.wikimedia.org/w/index.php?curid=2267598
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Recap: Algorithm: M jugate Gradients

can interpret CG =arning algorithm for the matr Il

Algorithm CG with Inverse Approximation Algorithm Cholesky with Inverse Approximation
Input: spd matrix A, vector b, initial guess xg Input: spd matrix A
Output: approximate solution x; ~ A~ b, low-rank C; ~ A~ Output: lower triangular L;, s.t. L,L/T ~ A, lowrank C; ~ A~
1 procedure CG(A, b, xg) 1 procedure CHOLESKY(A)
2| while [|ri[[z > max (Sl [|b|2; dato)) do 2 | A=A C=0
3 ri_q<b—Ax_; // Residual 3 forie {1,...,n}do
4 Sj<—Ti_q // Action 4 S <€ /| Action
5 Q <Hs,Tr,>,q // Observation 5 dj (I — Ci_1A)s;
6 dj (I — Ci_1A)s; // Searchdirection 6 i<+ STAd=eA’e; = |[e/]|3, // Norm. constant
7 n; «— sTAdi= dTAd J// Norm. constant 7 I; «—A#d, /| Matrix observation
8 Ci <HC I ddT J Inverse estimate & Cio—CYy+ LddT // Inverse estimate
5 X X1+ 2 dg=cb J solutionestimate o A A —LLT= AA~" = C)A = A — CA)
10 end while 10 L= (L )
1 return x;, C; 1 end for
12 end procedure 12 return L;, C;

13 end procedure
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Tits Variational le

Recap: Stochashc Variational Gaus3|an Processes

g of inducing variabl
Hensman, Fusi, La P. Gaussian Processes

Idea: Linear time GP approximation via inducing points

4

exact GP sparse CP X  observations inducing inputs
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Source: https://tiao.io/post/sparse-variational-gaussian-processes/
Can we design a method where we can trust the UQ no matter how much computation we've done?
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Exact UQ for GP approximation with arbitrary amounts of compute.
Computation-aware GP Inference
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Coming Up TUBINGEN

ﬂ

Posterior and Computational Uncertainty in Gaussian Processes

Jonathan Wenger, Geoff Pleiss, Marvin Pfdrtner, Philipp Hennig and John Cunningham

» IterGP: new class of GP approximations accounting for computational
uncertainty.

» lterGP instances extend classic methods (Cholesky, CG, Nystrom, .).
Strong theoretical guarantees.

» Modeling computational uncertainty either saves computation or improves
generalization.

\{

Paper axiv https://arxiv.org/abs/2107.00243

Implementation () https://github.com/JonathanWenger/itergp
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Representer Weights

ond look at Gaussian pre

f| X,y ~ gP(,upost-, kpost)

Fipost(X) = k(% X) (kX X) + 0 ?1) = (y = u(X))
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Representer Weights N ERITAT

ond look at Gaussian |

f| Xay ~ gP(Hpost; kpost)

fipost (X) = kO X) (X X) + * D)~y = (X))
n
= p0KGX) v = b0 K X) (v,
representer weights J=1
T4 p— —
0
,‘I -
T T T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
—— Exact GP Mean @ Data —— Kernel Function(s) x Representer Weights

The posterior mean is a linear combination of kernel functions centered at datapoints.
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Approximating Representer Weights N ERITAT

Iterative linear pproximate the represente hts

. . , o1
Observation: Iterative linear solvers (e.g. CG) approximate the representer weights v, ~ v, = K y.

n
Ipost (X) = k(x, X) Ve = E k(x, %) (v.);
representer weights J=1
~ k(x, X)v;
’I -
0
_‘I -
T T T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
—— Exact GP Mean @ Data —— Kernel Function(s) x Approx. Representer Weights

Can we quantify the approximation error ||v. — v;|| in the representer weights probabilistically?.
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Interlude: Gaussians provide the Linear Algebra of Inference UPUBINGEN

If all joints are Gaussian and all observations are linear, all posteriors are Gaussian.

» products of Gaussians are Gaussians » marginals of Gaussians are Gaussians
e IS OIOR )
595 75 N , Y dv = N X; 72
= N(x;c,C)N (a;b, A+ B) Sy Xy y (X; pos Bxx)
a1 =Ty=1 e -1 =i
C:=(A"+87) ¢:=C(A"a+B8"b) » (linear) conditionals of Gaussians are Gaussians
» linear projections of Gaussians are Gaussians p(x,y)
pixly) = %)
pz) = N(z;1,%) » »
= p(AZ) = N(Az, Au, AZAT) =N (X; pix + By Xy (Y — py), Box — B2y ny)

Bayesian inference becomes linear algebra

Ifp(x) = N(X;p,2) and  p(y|x) =N(;AT™x+ b, A), then
p(BTX+cC|y) =N[BTX+C;B T+ c+BSAATSA+ A) "' (y —ATp — b),BTSB — BTSA(ATSA + A) T'ATSB)
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Probabilistic Linear Solvers

olution of lin - nile quantifyi

Goal: Quantify approximation error when solving v, = qu probabilistically, i.e. v. ~ N (v;, 3).

Prior: v.. ~ N (vg, 30)

@ Approx. Representer Weights v; @ Representer Weights v+
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Probabilistic Linear Solvers UNIVERSTTAT @

Learning the solution of line = ile quantifying computational uncertainty

Goal: Quantify approximation error when solving v, = qu probabilistically, i.e. v. ~ N (v;, 3).

Prior: v.. ~ N (vg, 30)

Likelihood: Observe representer weights indirectly
via matrix-vector multiplication with the residual: ~

= 8Tr_y =sT((y — ) —Kvi_1) = sTK(v.c = vi_7)

@ Approx. Representer Weights v; @ Representer Weights v+
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Probabilistic Linear Solvers UNIVERSTTAT @

Learning the solution of line = ile quantifying computational uncertainty

Goal: Quantify approximation error when solving v, = qu probabilistically, i.e. v. ~ N (v;, 3).

Prior: v.. ~ N (vg, 30)

Likelihood: Observe representer weights indirectly
via matrix-vector multiplication with the residual:

o= sy = sT((y — ) —Kviy) = sTK(va — ;1) 1 -
) §
Posterior: Affine Gaussian inference! or
,] | - ]
1 1 1 1 ‘\ 1 1
-3 -2 -1 0 1 2 3

@ Approx. Representer Weights v; @ Representer Weights v+
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Probabilistic Linear Solvers UNIVERSTTAT @

Learning the solution of line = ile quantifying computational uncertainty

Goal: Quantify approximation error when solving v, = qu probabilistically, i.e. v. ~ N (v;, 3).

Prior: v.. ~ N (vg, 30)
Likelihood: Observe representer weights indirectly

via matrix-vector multiplication with the residual:
~ ~ ’I -
i =sTr_1 =T ((y — ) —Kvi_1) = sTK(vs —vi_1)
. 0r
Posterior: v, | aj ~ N (v;, ), where
=:d; =:; =Qj -1k
Vi = Vi1 + Bi_1Ksi(sTKS_1Ks;) =" sTK(v. —vi_q) ®
=Ci(y—n) T -3 -2 -1 0 1 2 3
:d, =N i
s =%_4- E,_J(s, ('S/Tf(zlqks/')—W IS,TRE/—; @ Approx. Representer Weights v; @ Representer Weights v+

]
1 N
= -C=%-) :?ydf = 3 — S(STKS)~'ST
j=1"1
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Choosing the "R|ght" Lmear Solver Prior

The GP m
Problem: How to choose the linear solver prior?

‘I =

O |-

,‘] =

e

Il Il Il Il Il Il Il
-3 -2 -1 0 1 2 3

@ Approx. Representer Weights v; @ Representer Weights v«

Numerics of Machine Learning — Winter 2022/23 — Lecture 04: Computation-Aware GP Inference — © N. Bosch, J. Grosse, P. Hennig, A. Kristiadi, M. Pfartner, J. Schmidt, F. Schneider, L. Tatzel, J. Wenger, 2022 CC BY-NC-S{gzal 17


https://youtu.be/KpsMqOlULeg&t=2023

Choosing the “Right” Linear Solver Prior DT L

The GP m¢ umptions about the represente

Problem: How to choose the linear solver prior?
Remember: y = f(X) + &, where e ~ N(0, 0?/).
Gaussian process prior f ~ GP(0, k) gives:

y ~ N(0,k(X, X) + o’l) = N(0,K) b

@ Approx. Representer Weights v; @ Representer Weights v«
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Choosing the “Right” Linear Solver Prior UNIVERSITAT

The GP makes assumptions about the representer weights.

Problem: How to choose the linear solver prior?

Remember: y = f(X) + &, where e ~ N(0, 0?/).

Gaussian process prior f ~ GP(0, k) gives: T
y ~ N(0,k(X,X) + o?l) = N'(0,K) T S
vo=K Yy~ NOK ) = N(vg, ) R T I
@ Approx. Representer Weights v; @ Representer Weights v

Chicken & Egg Problem: How can we get a probabilistic error estimate for v; ~ v,, if we need k_1 for it?
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Computatlon -Aware Gaussian Process Inference

Combining mathema nutational u

Gaussian Processes
Mathematical posterior: f | v ~ N (. (Xo), ki (Xo, X)), S:1

M*() = :u() + k(-,X)V*, and k*( ) = k(, ) - k(~,X)k_1k(X, )
Learning the Representer Weights
Infer representer weights via probabilistic linear solver: p(v..) = N (v.; v;, ), s.t.
Vi=Cly—p) and = =39-C=K'-C

Combined Uncertainty
Marginal distribution: p(fs) = [ p(fo | v.)p(vs) v = N (Fo; 11i(Xs), ki(Xo, X)), 5.

pi(-) = () + k(- X)v;
ki('a ) = k(’ ) - k(,X)k_U((X, ) —‘,—k(,X)E,k(X, ) - k(’ ) - k(’X)C/k(Xv )

mathematical uncertainty @  computational uncertainty © combined uncertainty ©
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Probabilistic Quantification of Approximation Error

Th nce can be interpreted as a squared error

Combined Uncertainty
Belief about the true function is captured by f ~ GP (1, k), S.t.

pi(-) = () + k(- X)v;
k,‘(-., ) = k(’ ) - k(-,X)k_1k(X, ) —‘,—k(-.,X)E/k(X, ) = k(’ ) - k("X)Cik<X7 )

mathematical uncertainty @  computational uncertainty © combined uncertainty ©

Remember: Cov(f(x), f(x)) = E[(f(x) — E[f(x)])?] = E[(f(x) — u(x))?]

Numerics of Machine Learning — Winter 2022/23 — Lecture 04: Computation-Aware GP Inference — © N. Bosch, J. Grosse, P. Hennig, A. Kristiadi, M. Pfortner, J. Schmidt, F. Schneider, L. Tatzel, J. Wenger, 2022 CC BVVNCVS 19


https://youtu.be/KpsMqOlULeg&t=2587

Probabilistic Quantification of Approximation Error

Th nce can be interpreted as a squared error

Combined Uncertainty
Belief about the true function is captured by f ~ GP (1, k), S.t.

pi(-) = () + k(- X)v;
k,‘(-., ) = k(’ ) - k(-,X)k_1k(X, ) —‘,—k(-.,X)E/k(X, ) = k(’ ) - k("X)Cik<X7 )

mathematical uncertainty @  computational uncertainty © combined uncertainty ©

Remember: Cov(f(x), f(x)) = E[(f(x) — E[f(x)])?] = E[(f(x) — u(x))?]

Koost ) = (1, 2) = k(X OK KOG ) = E[(FX) — o ()]

mathematical uncertainty ©
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Probabilistic Quantification of Approximation Error

Th nce can be interpreted as a squared error

Combined Uncertainty
Belief about the true function is captured by f ~ GP (1, k), S.t.

pi(-) = () + k(- X)v;
k,‘(-., ) = k(’ ) - k(-,X)k_1k(X, ) —‘,—k(-.,X)E/k(X, ) = k(’ ) - k("X)Cik<X7 )

mathematical uncertainty @  computational uncertainty © combined uncertainty ©

Remember: Cov(f(x), f(x)) = E[(f(x) — E[f(x)])?] = E[(f(x) — u(x))?]

koost (X, X) = k(x, X) — k(x, X)f(qk(x, X) = E[(f(xX) — s (x))?]
: mathematical uncertainty © I
K™ (x, X) = k(x, X)Zik(X, X) = E[(1x (X) — pi(%))?]

computational uncertainty @ Zi=Cov(v.)=E[(vx—V;)?]
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EBERHARD KARLS

Computation-Aware GP Inference lllustrated UNIYERSITAT

Interpreting computational and combined uncertainty as error quantification.

lterGP-Cholesky
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X
------ Latent Function —— Mathematical Posterior Mean Mathematical Uncertainty
@ Data —— Approximate Posterior Mean Computational Uncertainty
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Computation-Aware GP Inference Illustrated

Interpreting computational and combined uncertainty as error quantification.

lterGP-Cholesky
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-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
X
------ Latent Function —— Mathematical Posterior Mean Mathematical Uncertainty
@ Data —— Approximate Posterior Mean Computational Uncertainty
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EBERHARD KARLS

Computation-Aware GP Inference lllustrated R b

Interpreting computational and combined uncertainty as error quantification.

lterGP-Cholesky
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-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
X
------ Latent Function ~ = Mathematical Posterior Mean Mathematical Uncertainty
@ Data —— Approximate Posterior Mean Computational Uncertainty

Numerics of Machine Learning — Winter 2022/23 — Lecture 04: Computation-Aware GP Inference — © N. Bosch, J. Grosse, P. Hennig, A. Kristiadi, M. Pfortner, J. Schmidt, F. Schneider, L. Tatzel, J. Wenger, 2022 CC BY-NC-Sigizgl 20


https://youtu.be/KpsMqOlULeg&t=2809

Computation-Aware GP Inference Illustrated HE b

Interpreting computational and combined uncertainty as error quantification.

lterGP-Cholesky

o
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X
------ Latent Function ~ = Mathematical Posterior Mean Mathematical Uncertainty
@ Data —— Approximate Posterior Mean Computational Uncertainty
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Computation-Aware GP Inference Illus R b

Interpreting computational and combined uncertainty as error quantification

lterGP-Cholesky

Variance

-1.5 1.5
X
------ Latent Function ~ = Mathematical Posterior Mean Mathematical Uncertainty
@ Data —— Approximate Posterior Mean Computational Uncertainty
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EBERHARD KARLS

Computation-Aware GP Inference lllustrated UNIYERSITAT

Interpreting computational and combined uncertainty as error quantification.

lterGP-CG
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X
------ Latent Function —— Mathematical Posterior Mean Mathematical Uncertainty
@ Data —— Approximate Posterior Mean Computational Uncertainty
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EBERHARD KARLS

Computation-Aware GP Inference lllustrated R b

Interpreting computational and combined uncertainty as error quantification.

lterGP-CG
o
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[&]
j
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©
>
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-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
X
------ Latent Function ~ = Mathematical Posterior Mean Mathematical Uncertainty
@ Data —— Approximate Posterior Mean Computational Uncertainty
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EBERHARD KARLS

Computation-Aware GP Inference lllustrated R b

Interpreting computational and combined uncertainty as error quantification

lterGP-CG
o
[0
[&]
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-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
X
------ Latent Function ~ = Mathematical Posterior Mean Mathematical Uncertainty
@ Data —— Approximate Posterior Mean Computational Uncertainty
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EBERHARD KARLS

Computation-Aware GP Inference lllus R b

Interpreting computational and combined uncertainty as error quantification

lterGP-CG
o
[0
[&]
j
.©
©
>
T T T T T
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
X
------ Latent Function ~ = Mathematical Posterior Mean Mathematical Uncertainty
@ Data —— Approximate Posterior Mean Computational Uncertainty
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EBERHARD KARLS

Computation-Aware GP Inference lllus R b

Interpreting computational and combined uncertainty as error quantification

lterGP-CG
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-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
X
------ Latent Function ~ = Mathematical Posterior Mean Mathematical Uncertainty
@ Data —— Approximate Posterior Mean Computational Uncertainty
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Algonthm IterGP

Initialize representer weights belief

Input: prior mean g, prior kernel k, training data X, y

Output: (combined) GP posterior GP (;, k;) Vo = 0
1 procedure ITERGP (i, k, X, y) 0
2| (po, ko) s=(p, k) Co=0
. 1’<L %klf)((x))() 2 1
4 e + o o
5 while not STOPPINGCRITERION() do 3 =3 — CO =K
6 s; < PoLicy() . // Select action via policy.
7 fiog =y — p) — Kvi_q /| Predictive residual.
8 aj—sTr_; _// Observation of linear solver.
9 di +— E, 1Ksj = (I — C, 1K)s; // Search direction.
10 7 <, TRk, WKs, = TKd, // Normalization constam. r
11 Ci <»—C, 1+ d,dT // Inverse approx. C; ~ K.
12 Vi Vi_q + // Representer weights estimate. ok
13 3 3y — (? // Computational rep. w. uncertainty.
14 end while
15 p(vi) <— N (v.;v;, 3)) // Belief about representer weights. -
16 wi(+) = () + k(- X)y; // Approximate posterior mean. ®
17| ki(e, ) «=k(-,-) — k(-, X)Cik(X, -) / Combined uncertainty. 3 > . B ] 5 3
18 return GP (p, ki)

19 end procedure @ Approx. Representer Weights v; @ Representer Weights v

Numerics of Machine Learning — Winter 2022/23 — Lecture 04: Computation-Aware GP Inference — © N. Bosch, J. Grosse, P. Hennig, A. Kristiadi, M. Pfartner, J. Schmidt, F. Schneider, L. Tatzel, J. Wenger, 2022 CC BY-NC-S{gza 21


https://youtu.be/KpsMqOlULeg&t=2946

Algonthm IterGP

Input: prior mean g, prior kernel k, training data X, y . . .
Output: (combined) GP posterior GP (1, ki) Select action via policy

1 procedure ITERGP (i, k, X, y)

2| (po, ko) s=(p, k) -

o | e n) s; = PoLicy()

4| Ke=k(X,X) + o2l

5 while not STOPPINGCRITERION() do

6 s; < PoLicy() . // Select action via policy. T

7 fiog =y — p) — Kvi_q /| Predictive residual.

8 aj—sTr_; _// Observation of linear solver. T |

9 di +— E, 1Ksj = (I — C, 1K)s; // Search direction.

10 7 < TRk, WKs, = TKd, // Normalization constam. ok

11 Ci <»—C, 1+ d,dT // Inverse approx. C; ~ K.

12 Vi Vi_q + // Representer weights estimate.

13 3 3y — (? // Computational rep. w. uncertainty. r )

14 end while ‘ ‘ ‘ — ‘ ‘
15 p(v.) « N (vi;v;, %) / Belief about representer weights. ) B} 1 0 T o 3
16 wi(+) = () + k(- X)y; // Approximate posterior mean.

17 k,(-7 ) —k(-, ) _ k(-, X)C,k(X, ) // Combined uncertainty. @  Approx. Representer Weights v; @ Representer Weights v
18 return GP (p, ki)

19 end procedure
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Algonthm IterGP

Observe projected residual

Input: prior mean g, prior kernel k, training data X, y
Output: (combined) GP posterior GP (;, k;) —oTr . — (Ke\T .
o =8"r_1 = (Ksj))T(vy, —vi_
1 procedure ITERGP (i, k, X, y) ! it ( ’) ( * ! 1)

2| (po, ko) s=(p, k) L
s | e p0 Compute search direction

4| Ke=k(X,X) + o2l

5 while not STOPPINGCRITERION() do N

6 s; < PoLicy() . // Select action via policy. d,' = (/ — C,'_1K)S,'

7 fiog =y — p) — Kvi_q /| Predictive residual.

8 aj—sTr_; _// Observation of linear solver.

9 di +— E, 1Ksj = (I — C, 1K)s; // Search direction.

10 7 <, TRk, WKs, = TKd, // Normalization constam. Tr l

11 Ci <»—C, 1+ d,dT // Inverse approx. C; ~ K. I

12 Vi Vi_q + // Representer weights estimate. ok

13 3 3y — (? // Computational rep. w. uncertainty.

14 end while

15 p(vi) <— N (v.;v;, 3)) // Belief about representer weights. S1F |

16 wi(+) = () + k(- X)y; // Approximate posterior mean. ®

17 | ki(+, ) «—k(-,-) — k(-, X)Cik(X, -) // Combined uncertainty. = > - 5 ] 5 3
18 return GP (p, ki)

19 end procedure @ Approx. Representer Weights v; @ Representer Weights v
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/-\Igonthm IterGP

Update precision matrix approximation

Input: prior mean g, prior kernel k, training data X, y 1
Output: (combined) GP posterior GP (, ;) C/' _ 0/4 + —d,d,T
1 procedure ITERGP (i, k, X, ¥) N
2 | (posko) = (u, k) 1 .
s | wep(X) | m —di—
o | Ke—k(X,X) + ol
5 | while not STOPPINGCRITERION() do =|d---d . .
6 s; «— PoLicy() R // Select action via policy. | | 1 .T
7 roq <y —p) — Ky /| Predictive residual. - —d,- —
8 j — sTr, 1 _// Observation of linear solver. i
9 d; — 2, 1Ks; = (I — Ci_1K)s; // Search direction. - ) . )
10 e STKEI WKs, _ sTKdl / Normalization constant Precision Matrix Precision Matrix Approx.
1 C ch, 1+ W dd? // Inverse approx. C; & K~

12 Vi< Vi1 + d // Representer weights eshmate
13 3 3y — 8/ // Computational rep. w. uncertainty.
14 end while

15 p(vi) <— N (v.;v;, 3) / Belief about representer weights.

16 wi(+) = p() + k(- X)y; // Approximate posterior mean.
17 ki(+,+) «—k(-,+) —k(-,X)Cik(X,-) // Combined uncertainty.
18 return GP (wi, ki)

19 end procedure
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U

Algorlthm IterGP ORI

of computatior

Input: prior mean 4, prior kernel k, training data X, y Update precision matrix approximation
Output: (combined) GP posterior GP (;, k;)

1 procedure ITERGP (i, k, X, y) 1
2| (pos ko) «=(ps ) Ci=Ci_1+ —ddf

8| pee p(X) ul

4| Ke=k(X,X) + o2l ]

5 while not STOPPINGCRITERION() do | | ™ —d1T—
6 s; < PoLicy() . // Select action via policy.

7 fiog =y — p) — Kvi_q /| Predictive residual. = d1 s d,' -

8 aj—sTr_; _// Observation of linear solver. | | 1 .T

9 di +— E, 1Ksi = (I — C, 1K)s; // Search direction. P —d,- -
10 7 <, TRk, WKs, = TKd, /Normahzaﬂon constant. !

1 C <»—C, 1+ d,dT // Inverse approx. C; ~ K~ . . .

12 Vi vi_g + 9 // Representer weights estimate. Update representer weights belief

13 3 3y — (? // Computational rep. w. uncertainty.

14 end while Qi

15 p(vi) <— N (v.;v;, 3)) // Belief about representer weights. Vi = C,(y - M) =Vi1+ *di

16 wi(+) = () + k(- X)y; // Approximate posterior mean. i

17 ki(+, ) «<—k(-,+) — k(-, X)Cik(X, ) // Combined uncertainty. D=3 —C

18 return GP (pi, ki) = < !

19 end procedure
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EBERHARD KARLS
UNIVERSITAT
TUBINGEN

What about the partial Cholesky and CG?
Connection to Other GP Approximations
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Connection to O

[terGP extends the mo
Method Actions s; Classic Analog
lterGP-Cholesky e (partial) Cholesky / subset of data
lterGP-EVD evi(K) (partial) eigenvalue decomp.
lterGP-CG sPC6 or P~ 11, (preconditioned) CG
[terGP-Pseudolnput k(X, z;) ~ SVGP
Combined Uncertainty Mathematical Uncertainty Computational Uncertainty

IterGP-CG TterGP-Chy
2 e

o &

Figure: Computational uncertainty is small where there either is no data (®) or computation was “targeted” (O).
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EBERHARD KARLS

Connection to SVGP

One can construct a similar approximation to SVGP with proper uncertainty quantification.

| et R I N e U
—-— 7 Moy - - 7 Sy -
)
=== Approx. Posterior Mean
_________ 9 | R === Approx. Posterior Mean N ¢ xs Computational Uncertainty
Se-e” Approx. Posterior Uncertainty ST Combined Uncertainty
&
= AN
<
§ \/
=}
 EEPZAN O
= vV
X X
e Data — Exact Posterior Mean ---- Exact Posterior Uncertainty Inducing Points

lterGP-Pseudolnput has complexity O(n%/). Are we restricted to quadratic time?
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The Cost of Combined Uncertainty Quantification

Taking a at the ! of IterGP.

Question: How costly is one iteration of IterGP for a specific policy?

Kernel matrix K appears in three ways:
» Observation: a; <« sT((y — p) — Kv;_1)
» Search direction: d; « (I — Ci_1K)s;

» Normalization const.: n; < sfkd,-
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The Cost of Combined Uncertainty Quantification

Taking a at the ! of IterGP.

Question: How costly is one iteration of IterGP for a specific policy?

Kernel matrix K appears in three ways:
» Observation: a; « sT((y — p) — Kv;_1) = sTKd,
» Search direction: d; « (I — Ci_1K)s;

» Normalization const.: n; < sfkd,-
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The Cost of Combined Uncertainty Quantification

Taking a at the ! of IterGP.

Question: How costly is one iteration of IterGP for a specific policy?

Kernel matrix K appears in three ways:
» Observation: o« sT((y — p) — Kv;,_1) = sTKd;
» Search direction: _ R A
d,‘ <l—(l — C,'_1K)S,' =8 — Z/,’:W 717/djdjTKS,‘ — SITKdJ

» Normalization const.: 7 + sTKd,
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EBERHARD KARLS

The Cost of Combined Uncertainty Quantification R

Taking a second look at the computational complexity of IterGP.

Question: How costly is one iteration of IterGP for a specific policy?

Kernel matrix K appears in three ways:
Observation: o« sT((y — p) — Kv;,_1) = sTKd;
Search direction: v . .
d,‘ 4—(/ — C,;]K)S,‘ =8 — Z/,':W %djd/TKS,‘ - S/TKd/
Normalization const.: 7; < sTKd|

Idea: Choose / actions with at most £ < n non-zero entries. = O(¢?) per iteration!

We only operate on the data that we target with computation — arbitrary computation cost!
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Working with Infinite Data Gt

For IterGP it does not matter how large the dataset is, or whether we have it stored on our machine.

Theorem (Online GP Approximation with IterGP)

Letn,n’ e N and consider training data sets X € R"™*% y € R" and X' € R"*?,y’ € R". Consider two
sequences of actions (s;)]_, € R" and (§/),’.’:1”' e R™" such that forall i € {1,...,n}, it holds that

=
" \o

Then the posterior returned by IterGP for the dataset (X, y) using actions s; is identical to the posterior
returned by IterGP for the extended dataset using actions s;, i.e. it holds forany i € {1,...,n}, that

(1)

- X -
IERGR (s k Xop (50) = (k) = (R = renee (s () (1) 61
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An Approximation or a Better Model?

An altern better model for the lo inferen 1 a computer.

Observation: Only once we perform computation on data, does it enter our prediction.

@ S

» The distinction between data and computation vanishes from this perspective.
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An Approximation or a Better Model?

An alternati f IterGP as a better model for the do inference with a computer.

Observation: Only once we perform computation on data, does it enter our prediction.

D %
— —
(I = o

The distinction between data and computation vanishes from this perspective.

What if we modelled this situation with a Gaussian process?

f~ GP (1K)
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An Approximation or a Better Model?

An alternati f IterGP as a better model for the do inference with a computer.

Observation: Only once we perform computation on data, does it enter our prediction.

D fo
— —
(I = o

The distinction between data and computation vanishes from this perspective.

What if we modelled this situation with a Gaussian process?

f e GP(.K)
¥ [ f(X) ~ N(STF(X), 07STS)
f| X*I/N gP(th/)

IterGP’s combined posterior is equivalent exact GP regression for linearly projected data.
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EBERHARD KARLS
UNIVERSITAT
TUBINGEN

How meaningful is computational and combined uncertainty?
Theoretical Analysis
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EBERHARD KARLS

Combined Uncertainty as Worst Case Error T

The combined uncertainty is a tight worst case bound on the relative error to the latent function.

|
|

X/\X/\V/

---- Latent Function —— Mathematical Posterior Mean Mathematical Uncertainty Combined Uncertainty
e Data = Approximate Posterior Mean Computational Uncertainty

X X

|Latent Function(x) — Math. Posterior Mean(x)|
||ILatent Function||
|Latent Function(x) — Approx. Posterior Mean(x)|
||Latent Functionl|
Exact uncertainty quantification in quadratic / linear / constant time!

GP: < Posterior Pred. Std. Deviation(x) O

IterGP: < Combined Std. Deviation(x) © + ©
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Combined Uncertainty as Worst Case Error ity

The combined uncertainty is a tight worst case bound on the relative error to the latent fun

© — — —
Q
: M \ /
X X X
---- Latent Function —— Mathematical Posterior Mean Mathematical Uncertainty Combined Uncertainty
e Data = Approximate Posterior Mean Computational Uncertainty
Theorem

error of approximate posterior mean ©

sup g0) = k0 + pd(0) — (%)
9€H o i[9l 3y <1 ! L I

Vhex) + o2, and )

L
error of math. post. mean©  computational error ©

sup - pd (%) — i (x) = /K (x, %) ()
9€H 'HgHHk" st computational error ©
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Summary _ ‘ _ Please cite this course, as
» Approximate GPs by learning the representer weights.  gieenreport ooz,
. . . o9 ng title = {Numerics of Machine Learning},
» Can quantify approximation error probabilistically. author = {N. Bosch and J. Grosse
) . . . and P. Hennig and A. Kristiadi
» Variants of IterGP defined via the policy learn actively. and M. Pfortner and J. Schmidt
— . . . nd J. W },
» Distinction between data and computation vanishes. series z;éng%me Notes in Machine Learning),
year = .
» Exact UQ in arbitrary time with strong guarantees. LA CLE ST DR
Next Week

» How to simulate, i.e. learn the dynamics of systems that follow (partially-known) physical laws.
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