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Outlook
▶ What are PDEs? Why are they important?
▶ How to integrate PDEs into probabilistic ML models?
▶ Practical Modeling Example
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PDEs are the language of mechanistic knowledge
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Motivation
Why PDEs?

▶ PDEs are extremely precise mechanistic models of the real world

▶ example: fluid mechanics

⇒ Navier Stokes equations

▶ PDE problems are typically large-scale and difficult to solve
▶ theory and practice of PDEs are a highly active field of research
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Motivation
Why PDEs?

▶ PDEs are extremely precise mechanistic models of the real world
▶ example: fluid mechanics⇒ Navier Stokes equations
▶ PDE problems are typically large-scale and difficult to solve
▶ theory and practice of PDEs are a highly active field of research

(from the official Clay Mathematics Institute Problem Description for the Navier StokesMillennium Problem)
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Motivation
Why linear PDEs?

▶ general (nonlinear) PDEs are difficult to
understand and solve⇒ focus on linear
PDEs in this lecture

▶ models of many physical processes are
based on linear PDEs

▶ thermal conduction (heat equation)
▶ electromagnetism (Maxwell’s equations)
▶ wave mechanics (wave equation)
▶ Brownian motion

(Fokker-Planck/Kolmogorov forward
equation)

▶ the famous Black-Scholes equation in
mathematical finance is a linear PDE

▶ linear approximations are an important tool
in the analysis and numerical solution of
nonlinear PDEs
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Goal
Fusing Probabilistic and Mechanistic Models

▶ PDEs usually depend on parameters which
can only be determined through noisy
measurements

▶ examples:
▶ strength and distribution of heat sources
▶ charge distribution
▶ material parameters
▶ forces

⇒ use Bayesian statistical estimation to fuse
(exact) mechanistic knowledge and
(noisy/uncertain) measurement data

System
Behavior

Mechanistic
Knowledge

System
Parameters

MeasurementsMeasurements
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What is a linear PDE?
Linear Systems in Function Spaces

We look for a function u : D ⊂ Rd _ Rn which solves the equation

D [u] = f

on the interior of D, whereD is a linear differential operator.
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What is a linear PDE?
Linear Systems in Function Spaces

We look for a function u : D ⊂ Rd _ Rn which solves the equation

D [u] = f

on the interior of D, whereD is a linear differential operator.

Example: Linear Differential Operators

▶ Laplacian (n = 1)

D = ∆ =

d∑
i=1

∂2

∂x2i

▶ Affine ODE (d = 1, n ≥ 1)

D [u] =
du
dt

− A(t)u(t) ⇒ du
dt

= A(t)u(t) + f(t) =: f̃(u(t), t)
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What is a linear PDE?
Linear Systems in Function Spaces

We look for a function u : D ⊂ Rd _ Rn which solves the equation

D [u] = f

on the interior of D, whereD is a linear differential operator.

Problems
▶ usually no analytic solution⇒ numerical solvers necessary⇒ discretization error

▶ parameters of the PDE (diffop parameters, right-hand side, etc.) are usually not known exactly
▶ classical solvers sometimes difficult to embed in computational pipelines
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Boundary Value Problems
Because simulating the entire universe turns out to be difficult...

▶ PDEs by themselves don’t have a unique solution

▶ example: Poisson equation (∆u = f)

∆(Ax+ b) = tr
(
∇∇⊤(Ax+ b)

)
= tr (0) = 0

▶ uniqueness is typically achieved by requiring (linear) boundary conditions to hold

B [u] = g, where B linear and g : ∂D_ Rn

▶ physical intuition: summary of all influences on the outside of the simulation domain to a single
known boundary function g

▶ PDE+ Boundary Conditions = Boundary Value Problem (BVP)
▶ example: Dirichlet boundary conditions B [u] = u|∂D
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PDEs are statements about functions and functions are (typically) infinite-dimensional objects.
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Functions are Vectors
A Crash Course on Function Spaces

Vector space V = Rn V ⊆ RX

Addition and Scalar
Multiplication

(αv+ βw)i = αvi + βwi (αf+ βg)(x) = αf(x) + βg(x)

Bases v =
∑n

i=1 viei =
∑n

i=1 v′ibi (sometimes) f =
∑∞

i=1 αiϕi

Linear Maps Matrix M ∈ Rm×n

M(αv+ βw) = αMv+ βMw
Linear Operator L : V 7→ W
L [αf+ βg] = αL [f] + βL [g]

Norms
⇒ Banach spaces

e.g. ‖v‖∞ := maxi=1,...,n |vi|
⇒ (Rn, ‖·‖∞)

e.g. ‖f‖∞ := supx∈X |f(x)|
⇒ (Ck([a, b]), ‖·‖∞)

Inner Products
⇒ Hilbert spaces

e.g. 〈v,w〉2 :=
∑n

i=1 viwi
⇒ Euclidean space (Rn, 〈·, ·〉2)

e.g. 〈f, g〉L2 :=
∫
X f(x)g(x)µ(dx)

⇒ A linear PDED [u] = f is a linear system in infinite-dimensional vector spaces of functions.
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Toy Example of a Physical Model: The Heat Distribution in a CPU
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A Linear PDE for Computer Scientists
The Heat Distribution in a CPU

Spatial Domain: DCPU = [0, lCPU]× [0,wCPU]× [0, dCPU] ⊂ R3

©ElooKoN, Wikimedia Commons, CC BY-SA 4.0

©Ser Amantio di Nicolao, Wikimedia Commons, CC BY-SA 2.0
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A Linear PDE for Computer Scientists
The Heat Distribution in a CPU

Spatial Domain: DCPU,2D = [0, lCPU]× [0,wCPU] ⊂ R2

from Hebbar [2018]
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A Linear PDE for Computer Scientists
The Heat Distribution in a CPU

Spatial Domain: DCPU,1D = [0, lCPU] ⊂ R

from Hebbar [2018]
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A Linear PDE for Computer Scientists
The Heat Distribution in a CPU

Spatial Domain: DCPU,1D = [0, lCPU] ⊂ R

from Nylander [2018]
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A Linear PDE for Computer Scientists
The Heat Distribution in a CPU

Spatial Domain: DCPU,1D = [0, lCPU] ⊂ R
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A Linear PDE for Computer Scientists II
The Heat Distribution in a CPU Lienhard and Lienhard [2020]

Heat Equation

cpρ
∂u
∂t

− κ∆u = q̇V

where
▶ u : [0, T]× D_ R temperature
▶ cp, ρ, κmaterial parameters
▶ q̇V : [0, T]× D_ R heat source

Stationary Heat Equation

−κ = q̇V
where
▶ u : _ R temperature
▶ κmaterial parameter
▶ q̇V : _ R heat source
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A Linear PDE for Computer Scientists II
The Heat Distribution in a CPU Lienhard and Lienhard [2020]

Heat Equation

cpρ
∂u
∂t

− κ∆u = q̇V

where
▶ u : [0, T]× D_ R temperature
▶ cp, ρ, κmaterial parameters
▶ q̇V : [0, T]× D_ R heat source

Stationary Heat Equation

−κ
d2u
dx2

= q̇V

where
▶ u : R _ R temperature
▶ κmaterial parameter
▶ q̇V : R _ R heat source
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(Linear) PDEs are Indirect Observations of Their Solution
Conservation Laws and Information Operators

▶ conservation laws are among the most fundamental laws of physics (conservation of energy,
mass, momentum, charge, . . . )⇒ usually expressed as PDEs

▶ example: the heat equation states conservation of (heat) energy

cpρ
∂u
∂t

= κ∆u+ q̇V

▶ assuming a PDE to hold often amounts to the observation that a quantity is conserved locally
▶ generally, PDEs are observations of some local mathematical property of the unknown solution

function
I [u] := D [u]− f = 0

⇒ information operator (Cockayne et al. [2019], Tronarp et al. [2019])
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GP Inference with PDE Observations
Probabilistic Symmetric RKHS Collocation Cockayne et al. [2017]
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Linear Gaussian Process Inference I

Rd

Prior x ∼ N (µx,Σx)

Observation
Model

Ax+ ϵ = y, where
▶ A ∈ Rn×d and
▶ ϵ ∼ N (µϵ,Σϵ) with ϵ ⊥⊥ x.

Prior
Predictive

Ax+ ϵ ∼ N
(
Aµx + µϵ, AΣxA⊤ +Σϵ

)
Posterior x | Ax+ ϵ = y ∼ N (µx|y,Σx|y)

µx|y := µx + Gx|y(y− (Aµx + µϵ))

Σx|y := Σx − Gx|yAΣx

Gx|y := ΣxA⊤(AΣxA⊤ +Σϵ)
†
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where (LkfL∗)ij := L [x 7→ L [k(·, x)]i]j
Posterior x | Ax+ ϵ = y ∼ N (µx|y,Σx|y)

µx|y := µx + Gx|y(y− (Aµx + µϵ))

Σx|y := Σx − Gx|yAΣx

Gx|y := ΣxA⊤(AΣxA⊤ +Σϵ)
†

Numerics of Machine Learning — Winter 2022/23 — Lecture 08: PDEs — © N. Bosch, J. Grosse, P. Hennig, A. Kristiadi, M. Pförtner, J. Schmidt, F. Schneider, L. Tatzel, J. Wenger, 2022 CC BY-NC-SA 3.0 15

https://youtu.be/yQapprW_sZU&t=2202


Linear Gaussian Process Inference I

Rd RX

Prior x ∼ N (µx,Σx) f ∼ GP (mf, kf)

Observation
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)
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†
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Linear Gaussian Process Inference I

Rd RX

Prior x ∼ N (µx,Σx) f ∼ GP (mf, kf)

Observation
Model

Ax+ ϵ = y, where
▶ A ∈ Rn×d and
▶ ϵ ∼ N (µϵ,Σϵ) with ϵ ⊥⊥ x.

L [u] + ϵ = y, where
▶ L : paths(f)_ Rn is linear and
▶ ϵ ∼ N (µϵ,Σϵ) with ϵ ⊥⊥ f.

Prior
Predictive

Ax+ ϵ ∼ N
(
Aµx + µϵ, AΣxA⊤ +Σϵ

)
L [u] + ϵ ∼ N (L [mf] + µϵ,LkfL∗ +Σϵ),

where (LkfL∗)ij := L [x 7→ L [k(·, x)]i]j
Posterior x | Ax+ ϵ = y ∼ N (µx|y,Σx|y) f | L [f] + ϵ = y ∼ GP

(
mf|y, kf|y

)
µx|y := µx + Gx|y(y− (Aµx + µϵ))

Σx|y := Σx − Gx|yAΣx

Gx|y := ΣxA⊤(AΣxA⊤ +Σϵ)
†

mf|y(x) := mf(x) + Gf|y(x)(y− (L [µx] + µϵ))

kf|y(x1, x2) := kf(x1, x2)− Gf|y(x)L [kf(·, x2)]

Gf|y(x) := L [kf(·, x)]
⊤
(LkfL∗ +Σϵ)

†
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Linear Gaussian Process Inference II

▶ example: derivative of a GP at a point x ∈ X ⊂ Rd

L : paths(f)_ R, h 7→ dh(t)
dt

∣∣∣∣
t=x

then LkfL∗ ∈ R and

LkfL∗ = L [t2 7→ L [k(·, t2)]] =

L

[
t2 7→

dk(t1, t2)
dt1

∣∣∣∣
t1=x

]
=

∂2kf(t1, t2)
∂t2∂t1

∣∣∣∣
(t1,t2)=(x,x)

▶ for L : paths(f)_ RX ′
, we also define

(Lkf)(x′1, x2) := L [kf(·, x2)] (x′1)
(kfL∗)(x1, x′2) := L [kf(x1, ·)] (x′2)

(LkfL∗)(x′1, x′2) := L [(Lkf)(x′1, ·)] (x′2)

⇒L [f] ∼ GP (L [m] ,LkfL∗)
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GP Inference with PDE Observations
Probabilistic Symmetric RKHS Collocation Cockayne et al. [2017]

Prior

u ∼ GP (m, k)

Observations

IPDE[u] = −κ∆u︸ ︷︷ ︸
=:D[u]

−q̇V = 0

(Prior) Predictive

D [u] ∼ GP
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GP Inference with PDE Observations
Probabilistic Symmetric RKHS Collocation Cockayne et al. [2017]
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GP Inference with PDE Observations
Probabilistic Symmetric RKHS Collocation Cockayne et al. [2017]

Prior

u ∼ GP (m, k)
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GP Inference with PDE Observations
Probabilistic Symmetric RKHS Collocation Cockayne et al. [2017]

Prior

u ∼ GP (m, k)

Observations

IPDE[u] = −κ∆u︸ ︷︷ ︸
=:D[u]

−q̇V = 0

Posterior

u | D [u] (X)− q̇V(X) = 0 ∼ GP (mPDE, kPDE)

mPDE(x) = m(x) + GPDE(x)(q̇V(X)−D [m] (X))
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GP Inference with PDE Observations
Probabilistic Symmetric RKHS Collocation Cockayne et al. [2017]

Prior

u ∼ GP (m, k)

Observations

IPDE[u] = −κ∆u︸ ︷︷ ︸
=:D[u]

−q̇V = 0

Posterior

u | D [u] (X)− q̇V(X) = 0 ∼ GP (mPDE, kPDE)

mPDE(x) = m(x) + GPDE(x)(q̇V(X)−D [m] (X))
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GPDE(x) := (kD∗)(x, X)(DkD∗)(X, X)†
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GP Inference with PDE and Boundary Observations
Probabilistic Symmetric RKHS Collocation for the Dirichlet Problem Cockayne et al. [2017]

Prior

u ∼ GP (m, k)

Observations

IPDE[u] = −κ∆u− q̇V = 0
IBC[u] = u|∂D − g = 0

Posterior

u | − κ∆u(XPDE)− q̇V(XPDE) = 0,
u(XBC)− g(XBC) = 0

∼ GP
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GP Inference with PDE and Boundary Observations
Probabilistic Symmetric RKHS Collocation for the Dirichlet Problem Cockayne et al. [2017]
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We have seen that GP inference can produce
▶ an approximate solution of the BVP, and

▶ an estimate of the approximation error.
Unfortunately,
▶ the boundary values are unknown in

deployment, and
▶ the values of the heat source distribution are

uncertain.

u

B [u] − g
= 0

D [u] − f
= 0
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Uncertainty from Observational Data
Uncertain Neumann Boundary Conditions

Prior

u ∼ GP (m, k)

q̇V ∼ GP
(
mq̇V , kq̇V

)
q̇A ∼ GP

(
mq̇A , kq̇A

)
ϵDTS ∼ N (0,ΣDTS)

Information Operators

ISTAT[q̇V, q̇A] = dCPU
∫
D
q̇V dx−

∫
∂D

q̇A dS = 0

IPDE[u, q̇V] = −κ∆u (XPDE)− q̇V(XPDE) = 0

IBC[u, q̇A] = −κ∂ν(XBC)u (XBC)− q̇A(XBC) = 0
IDTS[u, ϵDTS] = u(XDTS) + ϵDTS = uDTS
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Uncertainty from Observational Data
Uncertain Neumann Boundary Conditions

Prior

u ∼ GP (m, k)

q̇V ∼ GP
(
mq̇V , kq̇V

)

q̇A ∼ GP
(
mq̇A , kq̇A

)

ϵDTS ∼ N (0,ΣDTS)

Information Operators

ISTAT[q̇V, q̇A] = dCPU
∫
D
q̇V dx−

∫
∂D

q̇A dS = 0

IPDE[u, q̇V] = −κ∆u (XPDE)− q̇V(XPDE) = 0
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Uncertainty from Observational Data
Noisy Sensor Data

Prior

u ∼ GP (m, k)

q̇V ∼ GP
(
mq̇V , kq̇V

)

q̇A ∼ GP
(
mq̇A , kq̇A

)
ϵDTS ∼ N (0,ΣDTS)

Information Operators

ISTAT[q̇V, q̇A] = dCPU
∫
D
q̇V dx−

∫
∂D

q̇A dS = 0

IPDE[u, q̇V] = −κ∆u (XPDE)− q̇V(XPDE) = 0
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Uncertainty from Observational Data
Uncertain Right-Hand Side

Prior

u ∼ GP (m, k)
q̇V ∼ GP

(
mq̇V , kq̇V

)
q̇A ∼ GP

(
mq̇A , kq̇A

)
ϵDTS ∼ N (0,ΣDTS)

Information Operators

ISTAT[q̇V, q̇A] = dCPU
∫
D
q̇V dx−

∫
∂D

q̇A dS = 0

IPDE[u, q̇V] = −κ∆u (XPDE)− q̇V(XPDE) = 0
IBC[u, q̇A] = −κ∂ν(XBC)u (XBC)− q̇A(XBC) = 0
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Uncertainty from Observational Data
Uncertain Right-Hand Side

Prior

u ∼ GP (m, k)
q̇V ∼ GP

(
mq̇V , kq̇V

)
q̇A ∼ GP

(
mq̇A , kq̇A

)
ϵDTS ∼ N (0,ΣDTS)

Information Operators

ISTAT[q̇V, q̇A] = dCPU
∫
D
q̇V dx−

∫
∂D

q̇A dS = 0

IPDE[u, q̇V] = −κ∆u (XPDE)− q̇V(XPDE) = 0
IBC[u, q̇A] = −κ∂ν(XBC)u (XBC)− q̇A(XBC) = 0

IDTS[u, ϵDTS] = u(XDTS) + ϵDTS = uDTS
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Uncertainty from Observational Data
Uncertain Right-Hand Side

Prior

u ∼ GP (m, k)
q̇V ∼ GP

(
mq̇V , kq̇V

)
q̇A ∼ GP

(
mq̇A , kq̇A

)
ϵDTS ∼ N (0,ΣDTS)

Information Operators

ISTAT[q̇V, q̇A] = dCPU
∫
D
q̇V dx−

∫
∂D

q̇A dS = 0

IPDE[u, q̇V] = −κ∆u (XPDE)− q̇V(XPDE) = 0
IBC[u, q̇A] = −κ∂ν(XBC)u (XBC)− q̇A(XBC) = 0
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The GP approach integrates enables integration of
▶ prior knowledge about the solution,

▶ mechanistic knowledge in the form of a
linear PDE,

▶ uncertain boundary conditions and
right-hand sides, and

▶ noisy empirical measurements,
all while providing
▶ quantification of approximation error,
▶ error propagation from uncertain system

parameters.

uf g

IPDE[u, f] IBC[u, g]IDTS[u]

ISTAT[f, g]

All this is only possible because we give up on trying to identify a single unique solution in favor of a
probability measure over infinitely many solution candidates.
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The GP approach integrates enables integration of
▶ prior knowledge about the solution,
▶ mechanistic knowledge in the form of a

linear PDE,
▶ uncertain boundary conditions and

right-hand sides, and

▶ noisy empirical measurements,
all while providing
▶ quantification of approximation error,
▶ error propagation from uncertain system
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The GP approach integrates enables integration of
▶ prior knowledge about the solution,
▶ mechanistic knowledge in the form of a

linear PDE,
▶ uncertain boundary conditions and

right-hand sides, and
▶ noisy empirical measurements,

all while providing
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The GP approach integrates enables integration of
▶ prior knowledge about the solution,
▶ mechanistic knowledge in the form of a

linear PDE,
▶ uncertain boundary conditions and

right-hand sides, and
▶ noisy empirical measurements,

all while providing

▶ quantification of approximation error,
▶ error propagation from uncertain system

parameters.

uf g

IPDE[u, f] IBC[u, g]IDTS[u]

ISTAT[f, g]
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probability measure over infinitely many solution candidates.
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The GP approach integrates enables integration of
▶ prior knowledge about the solution,
▶ mechanistic knowledge in the form of a

linear PDE,
▶ uncertain boundary conditions and

right-hand sides, and
▶ noisy empirical measurements,

all while providing
▶ quantification of approximation error,

▶ error propagation from uncertain system
parameters.

uf g

IPDE[u, f] IBC[u, g]IDTS[u]

ISTAT[f, g]

All this is only possible because we give up on trying to identify a single unique solution in favor of a
probability measure over infinitely many solution candidates.
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The GP approach integrates enables integration of
▶ prior knowledge about the solution,
▶ mechanistic knowledge in the form of a

linear PDE,
▶ uncertain boundary conditions and

right-hand sides, and
▶ noisy empirical measurements,

all while providing
▶ quantification of approximation error,
▶ error propagation from uncertain system

parameters.

uf g

IPDE[u, f] IBC[u, g]IDTS[u]

ISTAT[f, g]

All this is only possible because we give up on trying to identify a single unique solution in favor of a
probability measure over infinitely many solution candidates.

Numerics of Machine Learning — Winter 2022/23 — Lecture 08: PDEs — © N. Bosch, J. Grosse, P. Hennig, A. Kristiadi, M. Pförtner, J. Schmidt, F. Schneider, L. Tatzel, J. Wenger, 2022 CC BY-NC-SA 3.0 21

https://youtu.be/yQapprW_sZU&t=3581


The GP approach integrates enables integration of
▶ prior knowledge about the solution,
▶ mechanistic knowledge in the form of a

linear PDE,
▶ uncertain boundary conditions and

right-hand sides, and
▶ noisy empirical measurements,

all while providing
▶ quantification of approximation error,
▶ error propagation from uncertain system

parameters.

uf g

IPDE[u, f] IBC[u, g]IDTS[u]

ISTAT[f, g]

All this is only possible because we give up on trying to identify a single unique solution in favor of a
probability measure over infinitely many solution candidates.
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2D Version of the CPU Simulation
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GP-based Simulation of the 1D Heat Equation
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GP-based Simulation of the 1D Heat Equation
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Relationship to Classical Methods
Weighted Residual Methods Through the Lens of GP Inference

▶ What about the vast number of classical numerical methods for (linear) PDEs developed over the
past century?

▶ the posterior mean of the GP-based method we have seen today is equal to the estimate produced
by a classical method: symmetric collocation [Fasshauer, 1997]

▶ more generally, one can show that all weighted residual methods [Fletcher, 1984] can be realized
as posterior means of GPs in a similar fashion

▶ parametric and nonparametric collocation methods
▶ finite-volume methods
▶ (Petrov-)Galerkin methods

▶ finite-element methods
▶ spectral methods

▶ the finite-difference discretization can also be generalized via GP inference [Krämer et al., 2022]
⇒ GP-based approaches as uncertainty-aware drop-in replacements for classical methods
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Relationship to Classical Methods
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Quick Summary
▶ We have now seen how GPs can be used to solve linear PDEs.
▶ More generally, we showed that GPs are an elegant language for regression from heterogeneous

information sources provided by linear (or affine) information operators.
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Quick Summary
▶ We have now seen how GPs can be used to solve linear PDEs.
▶ More generally, we showed that GPs are an elegant language for regression from heterogeneous

information sources provided by linear (or affine) information operators.

But where is all the hard math that was mentioned in the beginning? So far we just needed derivatives
and some linear algebra.
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The Sharp Bits...
...because all these infinities require some care [Pförtner et al., 2022] (in preparation)

Theorem (Linear Gaussian Process Inference)

Let f ∼ GP (mf, kf) be a Gaussian process with index set X , whose mean function and sample paths lie
in a real separable RKHSH ⊃ Hkf . Let L : H_ Rn be a bounded (i.e. continuous) linear operator.
Further, let ϵ ∼ N (µϵ,Σϵ) be an Rn-valued Gaussian random variable with ϵ ⊥⊥ f. Then

L [f] + ϵ ∼ N (L [mf] + µϵ,LkfL∗ +Σϵ)

and
f | L [f] + ϵ = y ∼ GP

(
mf|y, kf|y

)
for any y ∈ Rn with conditional mean and covariance function given by

mf|y(x) = mf(x) +
〈
L [kf(x, ·)] , (LkfL∗ +Σϵ)

†(y− (L [mf] + µϵ))
〉
Rn ,

and
kf|y(x1, x2) = kf(x1, x2)−

〈
L [kf(x1, ·)] , (LkfL∗ +Σϵ)

†L [kf(·, x2)]
〉
Rn .

Numerics of Machine Learning — Winter 2022/23 — Lecture 08: PDEs — © N. Bosch, J. Grosse, P. Hennig, A. Kristiadi, M. Pförtner, J. Schmidt, F. Schneider, L. Tatzel, J. Wenger, 2022 CC BY-NC-SA 3.0 26

https://youtu.be/yQapprW_sZU&t=4031
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Sample Paths and Path Spaces of GPs
Why we use GPs to model unknown functions

Definition (Gaussian Process)

A Gaussian process is a family of random variables {ω 7→ f(x, ω)}x∈X on a common Borel probability
space (Ω,B(Ω), P) such that every finite combination f(x1, ·), . . . , f(xn, ·) of the random variables
follows a multivariate normal distribution.

▶ for a fixed ω ∈ Ω, the function f(·, ω) : X _ R, x 7→ f(x, ω) is called a sample path of the GP
▶ the set paths(f) := {f(·, ω) : ω ∈ Ω} containing all possible sample paths is called the path

space of the GP
▶ for our purposes, we need to know whether the sample paths of the GP are sufficiently

differentiable
▶ given a GP f and a linear operator L : paths(f)_ Rn, the notation L [f] refers to the function

ω 7→ L [f(·, ω)] ,

i.e. the application of L to the sample paths of
▶ to do Bayesian inference, ω 7→ L [f(·, ω)]must be a random variable, i.e. measurable
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Reproducing Kernel Hilbert Spaces
Function Spaces for Machine Learning

Definition (Reproducing Kernel Hilbert Space)

A Hilbert spaceH ⊂ RX of real-valued functions on an arbitrary set X is called a reproducing kernel
Hilbert space (RKHS) if there is a function k : X × X _ R such that
1. k(x, ·) ∈ H for all x ∈ X , and
2. for all f ∈ H and x ∈ X

f(x) = 〈k(x, ·), f〉H (reproducing property).

The function k is called the reproducing kernel ofH.
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Matérn Kernels
Controlling Sample Path Differentiability see [Kanagawa et al., 2018]

kν=p+1/2,l(x1, x2) := exp

(
−
√

2p+ 1 |x1 − x2|
l

)
p!

(2p)!

p∑
i=0

(p+ i)!
i!(p− i)!

(
2
√

2p+ 1 |x1 − x2|
l

)p−i

▶ functions in the RKHS of kν=p+1/2,l are p-times differentiable
▶ however, the paths of a GP f with kernel kν=p+1/2,l do not lie in this RKHS
▶ the sample paths of f are rougher (informally, they admit strictly less than p− d

2 partial derivatives)
▶ rule of thumb: if partial derivatives of order at most m appear in the equation, choose

p = m+

⌈
d+ 1
2

⌉
⇒ differential operator on paths is bounded

▶ more flexible choice of d-dimensional kernel via products of 1D Matérns (see exercise sheet)
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Summary
▶ PDEs are important and powerful language for modeling

the real world
▶ PDEs can be solved via GP inference
▶ More generally, GPs provide a rigorous framework for

probabilistic inference on functions with heterogeneous
information sources provided by affine information
operators

▶ Some mathematical care must be taken so as not to
make mistakes in prior construction
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